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The survival of many ecological communities relies on the symbiotic relationships formed

by various organisms. An example of a symbiotic association that is often described

as mutualistic is the one between corals and algae. Since the algae are located within

coral epidermis, they are referred to as “endosymbiont” (more generally “symbiont”)

whereas the corals are referred to as “host.” This association is based on the exchange

of photosynthetically fixed carbon from algae to corals and inorganic nutrients, acquired

from animal waste metabolites or directly from seawater, from corals to algae. The

evolution of this symbiotic relationship has enabled the emergence of highly productive

and diverse coral reef ecosystems in nutrient-poor waters of the tropical oceans. Here

we present an adaptive, trait-based model that describes the temporal dynamics of this

association. Given that corals control the flux of inorganic nutrients to the algae, we focus

on the adaptation of a hypothetical trait expressed by the coral population: investment of

energy in the symbiotic relationship. Investment of energy produces losses for the corals

that reflect costs for algal photosynthetic efficiency and for sustaining andmaintaining the

symbiont population. The fitness of the coral is modeled as the net benefit obtained by the

symbiotic association. Themodel features a decrease in the fraction of energy invested by

the corals with increasing symbiont to host biomass ratio. Our sensitivity analyses show

that the best conditions for the survival of the simulated coral-algae community occur for

a broad range of symbiont to host biomass ratio if the costs of symbiosis are low. With

increasing costs, the survival region narrows down to a smaller range of symbiont to

host biomass ratio. Finally, a break down of the symbiotic relationship and a consequent

collapse of the coral-algae system occur under shock changes in algal abundance.

Keywords: host, endosymbiont, adaptation, symbiotic trait, cost-benefit, trade-off

1. INTRODUCTION

The term “symbiosis” was originally proposed by De Bary (1879) to generally address mutualistic,
commensal, or parasitic associations. Commensalism and parasitism provide benefits for only one
party, whereas mutualism is an association providing benefits for both partners (Leung and Poulin,
2008; Stat et al., 2008; Sherratt and Wilkinson, 2009; Leigh, 2010). The survival of many organisms
in nature depends on the symbiotic relationship that different species are able to form andmaintain
with each other. These relationships are often driven by the need for enhancing the abilities to
compete with a third party or survive predation (Hay et al., 2004; Leigh, 2010).
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An example of a symbiotic association is the one between coral
polyps and photosynthesizing algae called zooxanthellae (genus
Symbiodinium). This association has often been considered as
mutualistic (Muscatine and Porter, 1977; Stat et al., 2008) despite
clear evidence shows a greater nutritional benefits for the corals
than for the algae (Falkowski et al., 1984, 1993; Muscatine et al.,
1984). This association has enabled the emergence of highly
productive and diverse coral reef ecosystems in nutrient-poor
waters of the tropical oceans (Stambler, 2011; Muller-Parker
et al., 2015).

Corals recruit algae and host them in their gastrodermis
within specialized cell vacuoles, the symbiosomes. Being the
algae located inside the host, the relationship is described
as endosymbiotic. Corals can recruit algae from the external
environment, a process called horizontal transmission, or inherit
them directly from their parents, a process referred to as vertical
transmission (Baker et al., 2004; Stambler, 2011; Muller-Parker
et al., 2015).

When the zooxanthellae produce an amount of carbon
that exceeds their own respiratory requirements, the surplus is
translocated to the coral host (Yellowlees et al., 2008). Therefore,
it is beneficial for the coral to establish conditions that enhance
the algal photosynthetic rate and thus the production of carbon
compounds (Muller-Parker et al., 2015). Corals use a signaling
molecule named host-release factor (HRF) to stimulate the
release of photosynthate by the zooxanthellae and control the
amount of carbon that is translocated from the algae (Muscatine,
1967; Grant et al., 2006). Under high-light conditions, the coral
may acquire more than 90% of the carbon fixed by the algae
(Falkowski et al., 1984, 1993; Muscatine et al., 1984).

The mechanism of nutrient translocation is determined by
the maintenance of several processes, one of the most important
being the control of the nutrient fluxes by the corals in order
to limit algal growth (Muscatine and Pool, 1979; Falkowski
et al., 1993). To maintain a stable symbiosis, the density of the
zooxanthellae within the coral must be regulated in a way that
it remains constant under a range of environmental conditions.
Harboring more zooxanthellae than necessary can reduce the
benefits to the corals because they may not be able to bear the
costs required for maximizing carbon production (Muller-Parker
et al., 2015).

Sudden changes in environmental conditions may cause a
breakdown of the symbiotic relationship with coral extruding
the algae into the surrounding waters. This process is termed
“bleaching” due to the whitening of the corals following the loss
of algal pigments (Buddemeier and Fautin, 1993; Glynn, 1996;
Fitt et al., 2001). Bleaching can cause massive coral death with
serious consequences for the reef ecosystem.

Mathematical modeling has provided important
contributions to the understanding of symbiotic relationships.
The simplest model for studying symbiotic relationships is
described by Murray (2002) and consists of two interacting
populations, similarly to the classic Lotka-Volterra predator-
prey system. Symbiotic models based on the Lotka-Volterra
formulation have attracted the interest of many mathematicians
(Korman and Leung, 1987; Lou, 1996; Delgado et al., 2000;
Pao, 2005) because they are suitable for studying existence,

non-existence, uniqueness or multiplicity of solutions using
various techniques (Delgado and Suárez, 2009).

The mechanistic basis of host-symbiont interactions has been
investigated with a large variety of models (see Friesen and Jones,
2012, for a comprehensive review), including network models
of symbiotic metabolism (Thomas et al., 2009), economic game
theory models (Doebeli and Knowlton, 1998), adaptive dynamics
models (Ferriere et al., 2002), population genetics models (Frank,
1995; Day et al., 2008), and early iterative models incorporating
utilization efficiencies of host and symbiont (Hallock, 1981;
Jones and Yellowlees, 1997). Most recently, using a model
describing the symbiotic relationship between a heterotrophic
host and a phototrophic symbiont, Dean et al. (2016) suggested
that the precise nature of photosymbiosis (whether parasitic
symbiont, mutualistic holobiont, or exploitative host) depends on
environmental condition and on the level of control a host has on
the biomass of the algae.

Most of the existing models focus on the coevolution of
interacting populations. In the case of coral and algae, however,
there is an asymmetry in the share of symbiotic benefits between
the two partners, because only corals control the flux of nutrients
to the algae. The symbiotic benefit is by far larger for the coral
host, while the benefit provided to the algae is barely enough to
ensure survival (Wooldridge, 2010). This asymmetry is common
in many host-endosymbiont relationships (Douglas and Smith,
1989; Frank, 1997; Kiers andWest, 2016; Lowe et al., 2016). These
aspects were addressed by Frean and Abraham (2004) with a
model based on a modified prisoner’s dilemma approach. They
suggested that a species with a fast adaptation rate (e.g., the algae)
is enslaved by a slowly evolving one (e.g., the coral) so that the
rapidly evolving species becomes more cooperative than the slow
one, which gives very little in return.

Here we present a new trait-based model for describing coral-
algae symbiosis. The model combines the adaptive dynamics
approach of Abrams et al. (1993) with population dynamics. We
consider the asymmetry of symbiotic benefits by focusing on the
adaptation of a symbiotic trait within the host population. The
model captures the general feature of any adaptive process in
which the trait of an organism adapts toward values that increase
fitness. This is achieved by assuming that the rate of change in the
trait is proportional to the fitness gradient (Abrams et al., 1993)
of the holobiont, i.e., the host-symbiont complex (Knowlton and
Rohwer, 2003). We then use the model to study the theoretical
conditions under which the symbiotic relationship is maintained
and the host-symbiont system can thrive.

2. METHODS

2.1. Model
We describe the adaptive dynamics of a hypothetical trait
exhibited by the host: investment into symbiosis (U). This
physiological trait reflects the energy that the host (corals) invests
in the symbiotic relationship with the algae. This energy is
required to (1) control the flux of inorganic nutrient to the
algae, (2) maintain an internal environment that is suitable
for photosynthesis, and (3) allocate the symbiont into the
endodermal cells.
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The sizes of the host and symbiont populations at time t are
denoted, respectively, with H and S. For purposes of generality,
the units of the model are defined in abstract terms so thatH and
S are expressed in units of biomass and U in units of energy per
biomass per time.

The coral is in full control of the flux of energy to the
algae. Since the coral must keep the size of the symbiont
population stable to avoid disruptive fluctuations in the symbiotic
association, we assume that the biomass of the symbiont is
proportional to the biomass of the host, thus S = ΓH.
Γ represents the symbiont to host biomass ratio or, more
specifically, the biomass of zooxanthellae per unit of host biomass
(see Subsection 2.2 for further details). Γ is a dimensionless
quantity because we assume that host and symbiont populations
are expressed in the same units of biomass (see Table 1). We also
assume that Γ can be at most 1 because there are physiological
limits on the size of the symbiont population that a coral can host
so that the biomass of the symbiont can never be higher than the
biomass of the coral host.

The fixation of carbon through photosynthesis by the algae
induces a symbiotic feedback, κ E, that is beneficial to the host
(Figure 1). κ E is a function of both host investment U and
symbiont to host biomass ratio Γ (see Subsection 2.3 for further
details).

The model comprises the following equations:

Coral biomass
dH

dt
= F(U, κ E,H)H, (1)

Symbiont biomass S = Γ H, 0 ≤ Γ ≤ 1, (2)

Trait dynamics
dU

dt
= N

∂F

∂U
, (3)

TABLE 1 | State variables, functions, and parameters constituting our

model.

Symbol Description Units

H host population size biomass

S symbiont population size biomass

U host investment (trait) energy×biomass−1 × time−1

t time time

F fitness of the holobiont time−1

κ E symbiotic feedback dimensionless

µ cost of symbiosis time−1

GH host maximum growth rate time−1

KH host carrying capacity biomass

MH host natural mortality time−1

α cost parameter biomass× energy−1

β strength of symbiotic feedback biomass× time× energy−1

Γ symbiont to host biomass ratio dimensionless

Γh half-saturation constant dimensionless

1 control for positive investment biomass× time× energy−1

N speed of adaptation (energy×biomass−1 × time−1 )2

For sake of generality, the units are defined in abstract terms.

where N is a proportionality constant controlling the speed of
adaptation (Abrams et al., 1993) and

F(u, κ E,H) = GH κ E

(

1−
H

KH

)

− µ −MH , (4)

represents the fitness function of the holobiont, which we assume
equal to the net growth rate of the coral host because the coral-
symbiont system survives only if the coral survives. Coral growth
is limited by different factors, including space, temperature,
light, and nutrient (Birkeland, 1997). We adopted a logistic
growth function because this is the most common model of
limited growth. GH is the host maximum growth rate, KH is
the host carrying capacity, µ reflects the costs incurred by the
host for the energy invested into the symbiotic relationship (see
Subsection 2.4 for further details), and MH is the host mortality
rate (Figure 1).

The full list of state variables, functions, and parameters, along
with their abstract units, is reported in Table 1.

2.2. Population Dynamics
Equation (1) represents the temporal dynamics of the coral host
biomass. Coral gross growth follows a logistic function with a
growth rate (GH κ E) that depends on the symbiotic feedback
(κ E). Since most of the photosynthetic products are translocated
back to the host so that the algae cannot grow as they would in a
free-living state, we assume that the abundance of the symbiont
per host biomass is constant. Equation (2) describes the total
symbiont biomass with Γ representing the amount of symbiont
biomass that can be maintained per unit of host biomass. Γ is a
quantity that could be influenced by different factors, including
(1) space within the host endodermal cells, (2) concentration
of nutrients that the coral provide to the symbiont, and (3)
light availability. Since these factors are difficult to quantify, we
consider Γ as free parameter and we explore the model behavior
under different values of Γ . Equation (3) represents the temporal
dynamics of the coral investment trait, which follows the adaptive
dynamics approach (Abrams et al., 1993), see Subsection 2.5 for
further details.

2.3. Symbiotic Feedback
The symbiotic feedback κ E is the benefit that the host receives
from the mutualistic relationship and represents the fraction of
energy that contributes to the host growth rate so that when it
reaches its maximum (i.e., when κ E = 1), the host grows at the
maximum rate GH .

κ is a limitation term (Figure 2) tending to 1 when Γ

increases and half-saturating at Γ = Γh, as follows:

κ(Γ ) =
Γ

Γh + Γ
. (5)

E increases exponentially with U at a rate β and saturates to 1
because the benefits received cannot increase indefinitely:

E(U) =
(

1− e−βU
)

. (6)
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FIGURE 1 | Schematic of our trait-based model. The diagram illustrates the symbiotic relationship between corals (host) and algae (symbiont). U is the trait

investment, which is expressed by the host at a cost µ. We only consider dynamic growth for the host population (H), the size of the symbiont population (S) is

assumed to be proportional (with proportionality constant Γ ) to the size of the host population. The host, which is subject to a mortality rate MH, receives benefits via

a symbiotic feedback κ E.

FIGURE 2 | Benefit received by the host as function of the symbiont to

host biomass ratio (Γ ), with Γh representing the half-saturation

constant, i.e., the value of Γ at which half of the maximum benefit is

reached.

The symbiotic feedback can be also considered as the efficiency
of the algal photosynthetic machinery with respect to the amount
of energy invested by the coral. It asymptotically tends to 0 with
decreasing U or Γ . Hence, there is no symbiotic feedback when
U = 0 (i.e., no investment by the corals) or when the symbiont
biomass is zero. In contrast, when U tends to ∞, E saturates to
1 and the symbiotic feedback tends to its maximum 1 when Γ is
large in comparison to Γh. The host may increase the investment
U so that E reaches 1 but the total gain for the host will depend
on the abundance of the symbiont.

When κ tends to 1, for example under high symbiont
abundance, the symbiotic feedback tends to 1 only if E tends to 1,
i.e., when investmentU is large enough. Therefore, the symbiotic
feedback reaches a maximum only when both the symbiont to
host biomass ratio (Γ ) and the investment U are large enough.

2.4. Cost of Symbiosis
The symbiotic investment U entails costs for the host. In the
case of corals, there are energetic costs associated to (1) the
provision of inorganic nutrients to the algae, (2) for keeping the
internal environment suitable for algal photosynthesis, and (3)
for coping with different stresses associated to photosynthesis
(Muller-Parker et al., 2015).

For simplicity, we assume a universal cost that increases with
U and Γ :

µ(U,Γ ) = αU

(

Γ

1− Γ

)

, (7)

with α describing the fraction of biomass required to invest a unit
of energy so that µ represents a loss rate in per time.

The presence of Γ conveys the dependency of the cost of
symbiosis on the abundance of the symbiont. In this way, the
symbiotic cost is non-zero if and only if Γ and U are non-
zeros. Additionally, when Γ is close to 1, µ tends to infinity. This
functional form attributes unbearable symbiotic costs to the coral
when the biomass of the algae is close to that of the coral to reflect
physiological limits on the size of the symbiont population that a
coral can host.

2.5. Trait Dynamics
We only take into account the adaptation of a coral trait because
the coral clearly dominates the symbiotic relationship, reaping
up more than 90% of the photosynthate produced by the algae
(Falkowski et al., 1984, 1993; Muscatine et al., 1984). Note that
a lack of investment (U = 0) leads to the collapse of the host-
symbiont complex. In other words, investment into symbiosis is
a trait compulsory for the survival of the holobiont, which can
remain alive only if the exchange (i.e., the symbiotic feedback) is
large enough to sustain the host population.

Following the adaptive dynamics approach of Abrams et al.
(1993), we consider the adaptation of the symbiotic trait
investment (U) and assume that the mean trait U adapts to
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increase the fitness F of the holobiont, by increasing the net
growth rate of the host (Equation 4). The temporal dynamics of
U is therefore assumed proportional to the gradient of the fitness
function (Abrams et al., 1993), as in Equation (3).

2.6. Non-dimensional Model Formulation
It is advantageous to study the model behavior using non-
dimensional variables and parameters (Segel, 1972). This
procedure leads to a reduction in the number of parameters
because some of them are combined in dimensionless groups.

However, before we rescale the model variables and
parameters, we impose a constraint to the model in order
to prevent ecologically meaningless situations such as the
occurrence of negative investments. Negative investments, in
fact, would lead to negative costs of symbiosis (i.e., negative µ,
Equation 7), which in turn would increase the fitness of the
holobiont (i.e., F, Equation 4) because in adaptive dynamics
the trait adapts toward increasing fitness (Abrams et al., 1993).
Therefore, to avoid that fitness increases under ecologically
meaningless conditions (i.e., under negative U), we assume

µ(U, Γ ) = (1 − e−1U)αU

(

Γ

1− Γ

)

, (8)

where 1 is a control parameter with a chosen high value such
that Equation (8) becomes Equation (7) when U ≥ 0) and
(1− e−1U)U tends to large positive values whenU tends to−∞.
This ensures that investment is always positive because negative
investment is associated to exponential costs and is thus staved
off by the adaptive dynamics.

The non-dimensional form of the model equations is obtained
by rescaling variables and parameters according to Table 2.

Therefore, Equations (1–3) become

Coral biomass
dh

dτ
= f h, (9)

Symbiont biomass s = γ h, 0 ≤ γ ≤ 1, (10)

Trait dynamics
du

dτ
= ν

∂f

∂u
, (11)

where ν is the non-dimensional speed of adaptation.
The non-dimensional fitness of the holobiont is thus

f (u, γ) = κ(γ) (1− e−u) (1− h)− (1− e−δ u) a u

(

γ

1− γ

)

−m.

(12)
A key aspect of our model is the presence of a trade-off between
the benefit of the symbiotic feedback for the host κ(γ) (1 −

e−u) and the cost of symbiosis a u
(

γ

1− γ

)

. High investments u

increase the benefits for the host, but at the expense of increasing
costs, thus for a given γ (symbiont to host biomass ratio), there is
an intermediate value of u for which the fitness of the holobiont
is maximized (see Figure 3).

TABLE 2 | Non-dimensional scaling variables, functions, and parameters

as well as their values used in the simulations.

Symbol Description Scaling Value

h host population size H /KH variable

s symbiont population size S /KH variable

u host investment (trait) β U variable

f fitness of the holobiont F/GH variable

m host mortality rate MH /GH 0.15

a cost parameter α / β GH 0.1

γ symbiont to host biomass ratio Γ free parameter

γh half-saturation constant Γh 0.3

δ control for positive investment 1/β 105

ν speed of adaptation N β2 1

τ model time GH t variable

FIGURE 3 | Fitness of the holobiont as a function of host investment u

for different γ (symbiont to host biomass ratio) and at fixed host

biomass (h = 0.2). This relationship highlights the trade-off between the

benefit of the symbiotic feedback and the cost of symbiosis as well as the

values of u for which the fitness of the holobiont is maximized. The dashed line

is the zero fitness level.

2.7. Simulations
Our objective is to explore the coupled trait and population
dynamics of the host-symbiont system under different scenarios.
More specifically, we investigate the model dynamics under
different values of γ (low, mid, and high, respectively 0.08, 0.35,
and 0.65) and a.

γ, we remind the reader, is a parameter that controls both
the benefits received by the host through the symbiotic feedback
and the costs incurred by the host for maintaining the symbiotic
relationship, whereas a represents the severity of the cost of
symbiosis with respect to the fraction of energy invested by the
host.

The general behavior of the model is investigated with
an analysis of the phase plane. We then perform sensitivity
analyses with respect to γ and a in order to identify regions
of the parameter space where survival or collapse of the
host-symbiont system occur. Finally, we explore the behavior of
the host-symbiont system under shock perturbations in γ.

The numerical simulations and graphical outputs were
produced using Python.
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3. RESULTS

3.1. Phase Plane Analysis
We perform an analysis of the phase plane to locate the steady
state of the system. In Figure 4 we show the fitness landscape in
the phase plane as a function of host abundance and trait value
and at different γ (symbiont to host biomass ratio).

When γ is low (Figure 4A), the costs incurred by the host

are mainly influenced by the energy that the host invests in

the symbiotic relationship and the benefits are low, because
the fraction of translocated energy, κ(γ), is small. Under this

condition, the fitness landscape is fairly smooth although two

distinct regions of positive and negative fitness emerge, separated
by the nullcline of host dynamics, i.e., the line in the fitness
landscape at which dh/dτ = 0. In contrast, when γ is high

(Figure 4C), the nullcline delineates a much smaller region of

positive fitness as compared to the cases of low and mid γ,
implying that the costs formaintaining the symbiotic relationship

exceeds the benefits already at low investment levels. In all cases

(low, mid, and high γ), the fitness landscape exhibits maxima

along the nullcline of trait dynamics (i.e., the line in the fitness
landscape at which du/dτ = 0); these are also points toward
which the trait adapts.

The point (u, h) of the phase plane at which the nullclines of
host and trait dynamics intersect is the non-trivial (i.e. non-zero)
steady state. Under low γ, the steady state is reached at higher
values of investment (u) and lower values of host biomass (h)
than at high γ (Figure 4).

To further investigate if the steady state represents a stable,
unstable, or saddle node, we analyse the vector field that
defines the direction of convergence of the host-trait dynamics
(Figure 5), i.e., the group of vectors determined by V =
{(

du, dh
)

, ∀ (u, h)
}

. The direction of the vector field indicates
that the system converges toward the steady state (Figure 5),
which is therefore a stable node.

For any set of parameter values and provided that all
parameters are positive, there exists at most one unique, non-
trivial steady state that is a stable node solution in ourmodel. This
is because, by model design, any positive or negative variations in
parameter values will not change the general locations of negative

FIGURE 4 | Fitness landscapes in the phase plane defined by host abundance and trait at low (A) mid (B), and high (C) γ, respectively 0.08, 0.35, and 0.65.

The nullclines represent the location at which the derivatives of the host biomass (dark blue line) and trait value (light blue line) are zero. The point where the nullclines

intersect represents the steady state of the system. The parameter values used for generating these runs are reported in Table 2.

FIGURE 5 | Normalized vector fields (gray arrows), nullclines (blue lines) and phase trajectories (red lines) for the host and trait dynamics at low (A),

mid (B), and high (C) γ, respectively 0.08, 0.35, and 0.65. Nullclines are the same as in Figure 4 and point of intersection of the nullclines represents the steady state

of the system. The direction of the vector field indicates that the dynamics of the system converges toward the steady state, which is therefore a stable node. The

parameter values used for generating these runs are reported in Table 2.
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and positive derivatives. Only the magnitude of each vector will
change, that is the speed with which the system reaches the stable
steady state.

3.2. Temporal Dynamics
The temporal dynamics of trait and host (Figure 6) show clearly
that the system reaches the steady-state quite rapidly. The
steady state of the trait (Figure 6A) increases with decreasing γ

(symbiont to host biomass ratio), meaning that if the symbiont
to host biomass ratio decreases, the system adapts toward higher
investment in order to optimize symbiotic performance –when
γ decreases, also κ tends to a small value, implying that a high
symbiotic feedback κ E is obtained by investing more into the
smaller algal population. The impact of γ on the host dynamics
(Figure 6B) is not straightforward. At high γ, the steady state of
the host is lowest. However, the highest steady state is achieved
for an intermediate γ, because this level of γ entails costs that
are lower than those incurred at low γ (the net benefit for the
host, which is expressed by the fitness function f , Equation (12),
is highest at intermediate γ and intermediate investment u).

To verify that this dynamics is consistent with the phase
plane analysis conducted earlier, we analyse the trajectories of
the system toward steady state (Figure 6) in the phase plane and
the nullclines for different γ (Figure 5). Starting from the initial
condition (h, u) = (0.8, 2) at τ = 0, these trajectories converge to
the steady state.

3.3. Sensitivity Analysis
We test the sensitivity of the model to changes in key
parameters. We identify two fundamental parameters that define
the symbiotic relationship: the cost of symbiosis (a) and the
symbiont to host biomass ratio (γ). We then run the model
to steady state over a continuum of a and γ values and
analyse the resulting trait (Figure 7A) and host population
values (Figure 7B). When the population size of the symbiont
decreases relative to that of the host (i.e., low γ), investment into
symbiosis increases (Figure 7A) to compensate for the associated
reduction in the symbiotic feedback, but this leads to increasing
costs (Equation 8), which cause a collapse of the holobiont
(Figure 7B). When the population size of the symbiont increases
relative to that of the host (high γ), investment into symbiosis

decreases (Figure 7A) to lower the costs, but this produces a
small symbiotic feedback, which leads to the collapse of the
holobiont (Figure 7B). A region of the parameter space emerges
in which the holobiont can thrive. This region is broad with
respect to γ at low symbiotic costs, where it corresponds to a
relatively big host population, and narrows down with increasing
γ as the costs of symbiosis increase, leading to a relatively small
host population and ultimately to a collapse (Figure 7B).

3.4. Shock Experiments
We perform shock experiments with respect to γ (symbiont
to host biomass ratio). The perturbation, which is applied at
a time after the system has reached steady state, consists of a
sudden decrease or increase of γ from a control value (γ =

0.3). A sudden decrease of γ with respect to the control value
simulates a bleaching event. In contrast, a sudden increase of the
symbiont population with respect to that of the host simulates
the case in which the host looses control of the nutrient fluxes,
for example under elevated inorganic nutrient concentrations in
the surrounding waters (Falkowski et al., 1984; Dubinsky and
Jokiel, 1994; Hoegh-Guldberg, 1994; Marubini and Davies, 1996;
D’Angelo and Wiedenman, 2014).

Severe bleaching induces an extreme increase in the trait
investment (Figure 8A) and a collapse of the host population
(Figure 8B). If bleaching is moderate, the increased investment
(Figure 8A) induces higher symbiotic benefit at affordable costs
and compensates for the reduction of the symbiont population,
leading to a relatively small reduction in the size of the host
population (Figure 8B).

In contrast, an increase in γ induces a pronounced decrease in
the trait values (Figure 8A) and a collapse of the host population
(Figure 8B). However, a slower increase in symbiont density is
followed by a reduced investment (Figure 8A) and reduced costs
for the host, which allows for survival at a small host population
size (Figure 8B).

4. DISCUSSION

The mathematical models available for studying symbiotic
relationships are numerous and diverse. Having being designed
to address specific aspects of symbiosis, these models are based

FIGURE 6 | Temporal dynamics of trait (A) and host (B) at low, mid, and high γ, respectively 0.08, 0.35, and 0.65. The parameter values used for generating these

runs are reported in Table 2.
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FIGURE 7 | Steady state values of trait (A) and host (B) as functions of the symbiotic cost incurred by the host (a) and the symbiont to host biomass ratio (γ). Very

low investment corresponds to 0 ≤ u < 0.5, low investment corresponds to 0.5 ≤ u < 1.5, mid investment corresponds to 1.5 ≤ u < 3, and high investment

corresponds to 3 ≤ u < 8. Collapse of host biomass corresponds to 0 ≤ h < 0.02, low host biomass corresponds to 0.02 ≤ h < 0.25, mid host biomass

corresponds to 0.25 ≤ h < 0.6, and high host biomass corresponds to 0.6 ≤ h < 1. The white lines in both panels are guide to eye so that the different regions are

easily distinguished. The parameter values used for generating these runs are reported in Table 2.

FIGURE 8 | Responses of coral trait value (A) and biomass (B) to shock experiments simulating bleaching (i.e., a reduction of γ) and the loss of control by the host

of the nutrient fluxes to the symbiont (i.e., an increase of γ, mimicking the explosive growth of the symbiont population). The shocks are implemented by setting

γ = 0.01 for severe bleaching, γ = 0.1 for moderate bleaching, γ = 0.75 for severe symbiont outburst, and γ = 0.6 for moderate symbiont outburst. The values of the

other parameters are reported in Table 2.

on very different approaches, ranging from Lotka-Volterra type
of models to network models of symbiotic metabolism and
economic game theory models (see Introduction). Attempting
a comparison of our model with existing ones would thus pose
insurmountable methodological and interpretative challenges.
Instead, we focus the discussion on the main characteristics of
our model and its dynamic behavior under different conditions
and we relate these aspects, if only in qualitative terms, to
situations observed in nature.

Our model is based on a hypothetical trait representing the
energetic investment of the host in the symbiosis. Consistent with
a coral-algae symbiotic relationship in which the host benefits
but the symbiont gains little from the association (Douglas and
Smith, 1989; Kiers and West, 2016; Lowe et al., 2016), we assume
the symbiont biomass to be proportional to the host biomass

so that the survival of the holobiont depends on the survival of
the host. The coral controls the flux of nutrients to the algae
and keeps most of the photosynthate products for itself thus
preventing the algae to grow unboundedly (Muscatine, 1967;
Wooldridge, 2010; Stambler, 2011).

In our model, the host receives a symbiotic benefit that
increases with (1) the host symbiotic investment (u) and (2)
the symbiont to host biomass ratio (γ). The symbiotic feedback
reaches the highest value 1 only when both γ and u are sufficiently
large, that is when the coral provides enough resources for
achieving highest algal photosynthetic efficiency and when the
size of the algal population is large relative to that of the coral. The
growth rate of the host is highest when the symbiotic benefit is
largest. In contrast, the symbiotic cost increases indefinitely with
increasing investment and symbiont biomass. This cost/benefit
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trade-off, which is included in our model and is inherent to the
symbiotic relationship (Herre et al., 1999; Leung and Poulin,
2008; Muller-Parker et al., 2015), drives the system toward
intermediate investment values.

We find that the survival of the holobiont occurs at
intermediate values of symbiont to host biomass ratio. Sudden
changes toward either low or high γ lead to the collapse of
the holobiont. This occurs because a considerably low symbiont
biomass relative to that of the host does not provide enough
symbiotic benefit, whereas a very high symbiont biomass relative
to that of the host induces symbiotic costs to the host that
outweigh the benefits received.

Our sensitivity analyses show that these results are robust.
There is a threshold in the symbiont to host biomass ratio below
which the holobiont collapses regardless of the costs incurred by
the host to maintain the symbiotic relationship. As the symbiont
biomass increases, the symbiotic costs become too high and the
holobiont collapses.

The survival region for the holobiont is broad at small values
of symbiotic costs (parameter a = α/βGH). This implies that
corals species with high growth rates (GH) or corals that receive
symbiotic feedbacks at a fast rate (β) have better chances of
survival than corals that grow slow or which symbioticmachinery
is not efficient enough. The latter may occur for example
when the functioning of the symbiotic relationship has been
compromised by consecutive disturbances or by the action of
multiple stress factors.

With a series of shock experiments we reproduce a sudden
exponential increase in symbiont biomass, which could result
from the inability of the coral to control the flux of nutrients to
the algae. A sudden decrease in symbiont biomass induces the
host to adapt toward high investment, whereas a sudden increase
in symbiont biomass induces the host to adapt to low investment.
In both situations the costs of symbiosis increase so that the host
reaches a biomass that is lower than the pre-shock level.

Our model results support the idea that neither too low
nor too high symbiont to host biomass ratios (γ) are beneficial
for the holobiont. Both these extreme cases may reflect real
situations in nature. When the algal abundance is too low,
the holobiont collapses. This occurs when juvenile corals
are unable to recruit enough symbiont after settlement or
when bleached corals are unable to re-establish a viable
symbiont population (Baker, 2003; Stat et al., 2008; Stambler,
2011; Muller-Parker et al., 2015). In contrast, a high algal
abundance could reflect the failure of the coral to control
algal growth thus leading to symbiotic costs that outweigh
benefits. This can reflect the pre-bleaching state of the holobiont
when, in the attempt to adapt to changing environmental
conditions, the coral expels only a fraction of the algae into the
surrounding waters (Buddemeier and Fautin, 1993; Leigh, 2010;
Logan et al., 2014) or when the population of zooxanthellae
increases under elevated external concentrations of inorganic
nutrients (Falkowski et al., 1984; Dubinsky and Jokiel, 1994;
Hoegh-Guldberg, 1994; Marubini and Davies, 1996; D’Angelo
and Wiedenman, 2014). In both situations, proportionately

less photosynthetically fixed carbon is translocated from the
algae to the coral, zooxanthellae outgrow their hosts, and
the host loses control over the population of its symbiotic
algae.

Our model does not account for any recovery mechanisms
that may enable corals to survive fluctuations in the abundance
of the symbiont. Thus, our shock experiments (Figure 8)
assume that the values of γ remain at their current level
after the shock has occurred. Likewise, we did not consider
the adaptation of traits expressed by the symbiont. The coral
host controls the flux of nutrients to the algae, harvests
more than 90% of the photosynthate produced by the algae,
and limits symbiont growth (Falkowski et al., 1984, 1993;
Muscatine et al., 1984). The symbiont, therefore, does not
grow as it would do in a free-living state. This system has
been described as an obligate symbiotic relationship in which
algae are “enslaved” (Frean and Abraham, 2004) to provide
resources to the host. All this makes our focus on the adaptation
of a host trait a reasonable first approximation. Accounting
for a dynamically varying symbiont population or the explicit
inclusion of varying environmental conditions requires a more
complex model and will be the subject of a subsequent
study.

5. CONCLUSIONS

Our theoretical study shows that the survival of obligate
symbiotic relationships, similar to that of corals and algae, occurs
at specific ratios of symbiont to host biomasses. Furthermore,
the host and symbiont reach higher population sizes when the
costs of symbiotic investment are low. This dynamics result from
the presence of a trade-off between the benefits of symbiosis
and the costs for maintaining it. The coral adapts toward a
higher investment trait when the algal biomass is relatively low
and adapts toward a lower investment trait when the algal
biomass is relatively high. The best survival strategy for corals,
and thus for the holobiont, is to maintain an intermediate algal
abundance relative to its own biomass while minimizing the costs
of symbiosis.
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