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for CaN activation is to consider its activity being proportional to 
the concentration of calcium-loaded calmodulin. Associating the 
kinase activity to LTP (making it quadratic in calmodulin activa-
tion) and phosphatase activity to LTD (making it linear in cal-
modulin activation), it is possible to build a very simple model of 
synaptic plasticity. While the core of the model is very simple, exten-
sive modeling work has shown that it is possible for simulations 
of the biochemical signals within postsynaptic spines to reproduce 
these results (Bhalla, 2002; Hayer and Bhalla, 2005; Graupner and 
Brunel, 2007). In addition to the induction, these models have the 
property of including a bistable switch at the biochemical level. 
While experimental evidence of CaMKII autophosphorylation in 
the presence of protein phosphatase 1 (PP1) failed to observe bist-
ability (Bradshaw et al., 2003), it can be included in the model at 
protein translation level (Aslam et al., 2009).

Traditional induction protocols: high and low frequency affer-
ent stimulation, as well as more direct manipulations of calcium 
concentrations in postsynaptic spines (Yang et al., 1999; Cho et al., 
2001; Cormier et al., 2001) support the “differential threshold 
hypothesis.” However, in typical spike-timing-dependent plasticity 
(STDP) induction (Markram et al., 1997; Bi and Poo, 1998), such a 
model would predict a second depression window at a long pre–post 
time interval. The model can be rescued by considering that pre 
stimulation alone does not produce calcium concentrations lower 

IntroductIon
In recent years several distinct classes of models have been  proposed, 
which, in varying degrees of detail, map the rise in calcium concen-
tration in a dendritic spine to the long-term potentiation (LTP) or 
depression (LTD) of the synaptic strength. One class of such models 
considers the calcium concentration resulting from a stimulation 
protocol as the main determinant of the future changes in plasticity: 
high calcium elevations lead to LTP, moderate calcium elevations 
lead to LTD and small calcium elevations produce no changes, 
which is generally referred as the “differential threshold hypoth-
esis” (Lisman, 1989; Artola and Singer, 1993). This basic principle 
has both biochemical and physiological foundations. Calcium/
calmodulin-dependent protein kinase II (CaMKII), which has 
been implicated in the expression of LTP (Glazewski et al., 1996; 
Frankland et al., 2001), can autophosphorylate, a process which 
maintains its kinase activity even in the absence of calcium (Bennett 
et al., 1983). Autophosphorylation is assumed to require one active 
CaMKII subunit neighboring a non-phosphorylated subunit with 
calmodulin bound to it. Thus, the most simplistic model of CaMKII 
activation assumes an initial step which is dependent on the square 
of the concentration of calcium-loaded calmodulin. At the same 
time, the activation of protein phosphatase 2B (calcineurin, CaN), 
besides some high affinity calcium binding sites, requires the bind-
ing of one calcium-loaded calmodulin. The most simplistic model 
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than those needed for LTD, but rather resides in the narrow band 
of calcium concentration between the induction of LTD and that of 
LTP, and that a post–pre at short time intervals produces smaller cal-
cium input (Urakubo et al., 2008). This model can also qualitatively 
reproduce the spike triplet protocols measured in cortex (Froemke 
and Dan, 2002). A very high diversity of rules for synaptic plasticity 
can be observed in diverse systems (Nelson and Turrigiano, 2008). In 
hippocampal cell cultures a different triplet rule has been observed 
(Wang et al., 2005), in which symmetric pre–post–pre triplets at 
short time interval (5 and 10 ms) produce little synaptic change, 
while symmetric post–pre–post triplets at the same intervals pro-
duce robust LTP. This triplet structure was explained by considering 
the temporal structure of the calcium transient as the main signal 
for STDP (Rubin et al., 2005). Without being tuned for, this triplet 
structure is qualitatively reproduced in the model presented in this 
study. In addition, both theoretical (Karmarkar and Buonomano, 
2002) and experimental (Sjostrom et al., 2003) work point toward 
an additional coincidence detector for the pre–post tLTD window. 
Experimental observations point toward a presynaptic mechanism, 
however in these experiments (Sjostrom et al., 2003) the presynaptic 
neuron fires multiple times in a short interval, which allows auto-
crine NMDA activation. In protocols in which this is absent, how 
can such a coincidence detector be implemented?

A minimalistic model is proposed which uses the assumption 
that different enzymes in the biochemical pathways localize to 
different calcium sources. This general principle is supported by 
multiple experiments which show problems in plasticity caused by 
interference with scaffold proteins and the general observation that 
the diversity of the forms of synaptic plasticity, while caused by a 
small number of second messengers, is surpassed by the diversity 
in scaffolds (Jordan et al., 2004). A potential problem with such a 
model is that, while calcium gradients are very sharp (Naraghi and 
Neher, 1997), most of the calcium-dependent enzymes are activated 
by calmodulin, which is soluble. Simulations of calcium dynam-
ics in dendritic spines with simple geometries show the diffusion 
coefficient of calmodulin as having a strong influence on the local 
calmodulin signaling (Naoki et al., 2005). Using the calmodulin 
diffusion constant measured in vivo (Luby-Phelps et al., 1995), 
simulations show large differences between the nanodomain and 
spine-wide calmodulin activations. More detailed simulations also 
show a very different probability for a calmodulin to become fully 
calcium loaded if it is located in the postsynaptic density (PSD) or 
randomly in the spine (Keller et al., 2008). In addition, calmodulin 
with less than four calcium bound can bind to CaMKII (Shifman 
et al., 2006), and possibly, via a similar mechanism, to other tar-
gets. This influences the calcium transient dependence of CaMKII 
(Mihalas, 2009; Pepke et al., 2010), but also has drastic implication 
over the distance from a calcium source which produces activation 
of CaMKII (Mihalas, 2009). This distance is smaller than the typical 
size of a spine, such that it is reasonable to assume subspine size 
domains in signaling.

Model
calcIuM entry
Three calcium sources are considered in the model: NMDARs, 
VGCCs, and calcium release from internal stores via IP3-dependent 
channels (Figure 1). Since at the next step of the signaling cascade 
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FIgure 1 | Schematic representation of the model. Calcium channels (blue 
ovals) are differentially activated by different stimulation protocols: The firing of 
the postsynaptic neuron activates mainly VGCCs, the firing of the presynaptic 
neuron via mGlus mainly activates IP3Rs, and to a lesser extent NMDARs and 
VGCCs while a pre–post activation results in large activation of all sources. The 
essential assumption of the model consists of localization of calcium-
dependent enzymes (green ovals) near these calcium sources: CaMKII near 
NMDAR, CaN near VGCC, PDE near IP3R, and AC in between VGCC and 
NMDAR. Their transient (10 ms) calcium-dependent activation is assumed to 
remain localized. Either directly or via less localized intermediaries (Inh1 and 
cAMP: brown ovals), these produce changes over intermediate time scales in 
several enzyme activations (CaMKII, PKA, and several PPs: yellow ovals). 
These intermediate time scale changes produce long-term changes in the 
synaptic weight via phosphorylation or dephosphorylation of AMPAR and PSD 
targets which lead to insertion and stabilization of AMPAR in PSD or 
destabilization and endocytosis of AMPAR respectively.

activation parameters are unknown, the relative timing of opening 
of the calcium channels and not their relative strength are impor-
tant. Thus the magnitude of each current is normalized, and the 
parameters in future sections are relative to the magnitude of the 
calcium current. For a quantitative description of the model, see 
the Section “Appendix.”

Voltage gated calcium channels provide a short calcium current 
following depolarization. A model for L-type VGCC identical to 
previous simulation work was used (Urakubo et al., 2008). Both 
APs and EPSPs are assumed to be biexponential with a rise time 
of 0.5 ms, a decay time of 5 ms and maximum amplitudes of 60 
and 10 mV respectively. APs and EPSPs are assumed to be linearly 
additive. The calcium current through VGCCs is mainly a result 
of backpropagating action potentials in the dendritic tree follow-
ing postsynaptic neuron firing. To a smaller extent they respond 
to EPSPs caused by presynaptic neuron firings. The normalized 
calcium currents under different stimulation protocols are pre-
sented in Figure 2.

Calcium release from internal stores via IP3-dependent chan-
nels (IP3R) is initiated by activation of mGluRs. Since there are 
many unknown parameters in the cascade resulting in calcium 
release, the calcium current is considered to be the convolution 
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function. To test the influence of the timing of the IP3R  activation, 
all stimulations protocols were simulated in a model with a con-
siderably slower (99 ms) rise time of the mGluR activation. The 
normalized calcium currents for the modified model are presented 

between glutamate concentration and a convolution kernel which 
is a biexponential delayed by 10 ms with a 10-ms rise time and 
a 100-ms decay time. For mGluR activation, glutamate diffusion 
is practically instantaneous and can be approximated by a delta 
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FIgure 2 | Calcium currents through NMDAr, VgCC, and IP3r following 
several stimulation paradigms. (A) Postsynaptic firing alone. (B) Presynaptic 
firing alone. (C,D) Post–pre at different time intervals. (e,F) Pre–post at different 
time intervals. (g) Post–pre–post symmetric triplet with 10 ms between each 

spike. (H) Pre–post–pre symmetric triplet with 10 ms between each spike. The 
currents for each channel type are normalized to the maximum current which 
can be observed for that channel type in the doublet simulations consisting of 
one spike for the pre and postsynaptic neuron.
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Adenylyl cyclase (AC) is assumed to have a mixed distribution 
and is partially activated by calcium coming either from NMDAR 
or VDCC. This assumption is consistent with a membrane-bound 
enzyme which can diffuse in the membrane and temporarily bind 
to other proteinaceous structures.

Cyclic AMP phosphodiesterase (PDE) is assumed to mainly be 
activated by signals related to the firing of the presynaptic neuron. 
This can be realized by localization of PDE near sources of calcium 
coming from internal stores as a result of mGluR activation. While 
a significant fraction of dendritic spines do not have endoplasmic 
reticulum protruding into the spine (Harris and Stevens, 1989), it is 
possible that either a dendritic calcium source is used, or that PDE 
localizes near NMDARs. Recent studies observed an enrichment of 
inactive protein kinase A in dendrites with an active removal from 
the spines (Zhong et al., 2009). A colocalization with PKA could 
help PDE in inhibiting cAMP downstream signaling. Three sets of 
simulations are performed: two sets assuming the PDE is localized 
in the vicinity of IP3Rs, and one set assuming PDE is localized in 
the vicinity of NMDARs.

The calcium unbinding rate from the low affinity sites of cal-
modulin is very fast (>1/ms). While calmodulin binding to tar-
get proteins slows down this unbinding (Olwin and Storm, 1985; 
Pepke et al., 2010), it is still faster than the NMDA and IP3 calcium 
transients, which will thus be determining the inactivation of the 
calcium-dependent enzymes.

Prolonged enzyMe actIvatIon
Following calcium entry through either NMDARs or VGCCs, AC is 
transiently activated (Figure 3), which results in a rise in cAMP con-
centration (Figure 4). This rise is also transient, and the basal rate 
of consumption/diffusion is important in determining the length 
of the tLTD window and is chosen to be 0.1/s. The cAMP transient 
can be decreased or shortened by activation of PDE by IP3R. Long-
term PKA activation is assumed to be proportional to the integral of 
cAMP concentration. The ratio of PDE and AC enzyme activities is 
a key parameter of the model. It was tuned such that the presynaptic 
activation alone produces little PKA activation.

Following calcium entry through VGCCs, CaN is transiently 
activated (Figure 5). This leads to dephosphorylation of Inhibitor 
1, and subsequent activation of PP1. Activation of PKA leads to 
phosphorylation of Inh1 and subsequent inactivation of PP1. The 
long-term PP1 activity is assumed to be proportional to the integral 
of CaN activity minus PKA activation, if this difference is positive 
and zero otherwise. The ratio between PKA and CaN activities is 
another crucial parameter in the model, and it was tuned such that 
the postsynaptic activation alone produces equal PKA and CaN 
activation (Figure 6).

Following calcium entry though NMDARs, CaMKII is tran-
siently activated. A fraction of this activation can be transformed 
in long-term activity via autophosphorylation. The long-term 
CaMKII activity is assumed to be proportional to the integral of 
the square of the instantaneous calcium-dependent activity.

While the calcium-dependent enzyme activation which hap-
pens on time scales of tens of milliseconds is assumed to be 
localized, at least some of the downstream targets (Inh1, cAMP) 
are assumed to be present at similar concentrations in all the 
spine subcompartments.

in Figure 8. With a corresponding change in the affinity for the 
calcium-dependent enzymes assumed to be in the vicinity of the 
IP3R, while keeping all the other parameters in the model to be 
identical, the simulated changes in synaptic weights are only mod-
estly modified (Figure 9).

NMDARs provide a small and prolonged calcium current if the 
presynaptic neuron fires alone (pre), and a larger and shorter cur-
rent in addition to the previous one if the postsynaptic neuron fires 
following presynaptic neuron activation (pre–post). Even though 
the model does not strongly depend on the minute details of the 
NMDAR current, since parameters are available a relatively detailed 
model of NMDAR is used. The parameters for the NMDAR activa-
tion are obtained from Lester and Jahr (1992), with magnesium 
block obtained from Jahr and Stevens (1990). Glutamate diffusion 
in the cleft is analytically solved using the approximations that the 
cleft is narrow compared to its length, glutamate has a point release 
and its reuptake mechanism is linear. Median values of previous, 
more detailed simulations were used (Franks et al., 2002).

calcIuM-dePendent enzyMe actIvatIon
After entering the postsynaptic spine, calcium ions are very quickly 
bound to buffers and are extruded. Calcium concentration differs 
vastly between the mouth of the channel and points hundreds of 
nanometers away (Naraghi and Neher, 1997). Calmodulin, as a dif-
fusible calcium binding protein shows a less steep gradient. However, 
the fact that calmodulin with less than four calcium bound can bind 
to some target enzymes like CaMKII (Shifman et al., 2006), has a large 
influence on the spatial extent around the channel in which CaMKII 
can be activated. Calmodulin binding to its target before being fully 
calcium loaded is immobilized, forcing its subsequent activation to be 
dependent on the calcium concentration on that particular position 
rather than the average calcium concentration in its vicinity. For typi-
cal spine morphologies it can be estimated that the range of CaMKII 
half-activation is a few tens on nanometers surrounding an NMDAR 
(Mihalas, 2009). An enzyme bound near the mouth of a channel 
is also primarily activated by calcium coming though that type of 
channel. In order to focus exclusively on the effects caused calcium 
heterogeneity, the effects of global calcium concentration changes in 
the spine are neglected. The activation of calcium-dependent enzymes 
is  considered to be dependent exclusively on the calcium current 
through the channel type near which they are located.

In this study, crosstalk between the different sources of calcium 
is neglected. This approximation allows a drastic reduction in the 
complexity of the model as the activation of each enzyme is con-
sidered dependent only on the calcium current from one source. 
While clustering of the same type of calcium channels certainly 
helps this approximation, it is not required. It is possible to consider 
a functional calcium domain near the mouth of VGCCs which 
consists of several spatially disjoined regions.

Calcium/calmodulin-dependent protein kinase II is enriched 
in the PSD (Kennedy, 2000), thus it is considered to be mainly 
activated by calcium influx though postsynaptic NMDARs.

Protein phosphatase 2B (CaN) is assumed to be, under physi-
ological conditions, primarily activated by calcium coming through 
VGCCs. While proteomic studies have found small quantities of 
CaN in the PSD (Jordan et al., 2004), it is possible that small quanti-
ties of other protein aggregates are found in PSD fractions.
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of PKA leads to GluR1 phosphorylation at Ser845 and its mem-
brane  insertion (Esteban et al., 2003). Subsequently (Yang et al., 
2008), CaMKII phosphorylation of multiple postsynaptic targets 
as well as Ser831 stabilize AMPAR in the PSD. The concentration 

changes In synaPtIc weIght
AMPAR trafficking, membrane insertion, binding to the PSD 
and extrusion are key elements in the expression of long-term 
changes in synaptic plasticity (Song and Huganir, 2002). Activation 
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FIgure 3 | PDe and AC activations. (A) Postsynaptic firing alone. (B) 
Presynaptic firing alone. (C,D) Post–pre at different time intervals. (e,F) Pre–post 
at different time intervals. (g) Post–pre–post symmetric triplet with 10 ms 

between each spike. (H) Pre–post–pre symmetric triplet with 10 ms between 
each spike. The activation of each enzyme is normalized to their respective 
maximal activation under saturating calcium.
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Post–Pre
The firing of the postsynaptic neuron leads to activation of CaN and 
AC. The transient activation of CaN is unaffected by the firing in 
quick succession of the presynaptic neuron (Figure 5D). The tran-
sient rise in cAMP is however truncated by the activation of PDE 
by the presynaptic neuron (Figure 4D). The closer the presynaptic 
neuron fires after the postsynaptic one, the shorter the cAMP tran-
sient is. This leads to a reduced PKA activation (Figure 6A) com-
pared to the firing of the postsynaptic neuron alone (Figure 6B) 
and an imbalance between CaN and PKA which leads to activation 
of the LTD pathway (Figure 7C). Since little CaMKII activity is 
obtained, the LTP pathway is not activated in this case (Figure 7A). 
This mechanism is also consistent with experiments in which CaN 
was inhibited (Wang et al., 2005) producing no significant change 
in synaptic weight.

Pre–Post
The firing of the postsynaptic neuron quickly following the presy-
naptic one leads to opening of all calcium sources and massive cur-
rents through NMDAR (Figure 2F). These currents lead to high 
CaMKII (Figure 5F) and AC (Figure 3F) activation. At the same 
time, the superposition between the PDE activation and AC activa-
tion (Figure 3F) leads to efficient consumption of cAMP (Figure 4F). 
One free parameter in the model, the ratio of how well NMDAR and 
VGCC activate AC can shift the pre–post activation of PKA, but it 
has a small impact on the presynaptic firing only. The pre–post LTP 
window which results from this activation (Figure 7A) is roughly 
half the glutamate unbinding halftime from NMDAR due to the 
requirement that two CaMKII subunits to be active to produce an 
autophosphorylation event. In addition, adjusting the exact position 
of AC relative to NMDAR and VGCC can also influence this window. 
In this model, the rise in AC activation due to the large NMDARs 
current is larger than the PDE activation, leading to zero PP1 activa-
tion and zero weight change due to LTD mechanisms (Figure 7C). 
This result is consistent with biochemical manipulations in which 
CaMKII was inhibited (Wang et al., 2005), however no significant 
change in synaptic weigh is observed.

Post–Pre–Post
The post–pre–post symmetric triplet with 10 ms between each 
spike produces weight changes similar to the pre–post doublet 
(Wang et al., 2005). CaN (Figure 5G) and AC (Figure 3G) are 
increased, but they roughly cancel each other (though not per-
fectly). This results in a large LTP (similar to the best doublet) and a 
small LTD (Figures 7B,D). While the net effect is LTP (Figure 7H), 
both pathways are activated. This is qualitatively consistent with 
experimental results which show that inhibition of CaMKII pro-
duces LTD and inhibition of CaN produces LTP in this protocol 
(Wang et al., 2005).

Pre–Post–Pre
The symmetric pre–post–pre triplet with 10 ms between each spike 
produces an increased PDE activity (Figure 3H), which strongly 
reduces PKA activity (Figure 6B). The CaMKII activation is high, 
comparable to pre–post doublet (Figure 6H). The reduced PKA 
activity leads to a small activation of LTP (Figure 7B). If it is 
assumed to inhibit LTD, the high activation of CaMKII results in 
a small  activation of the LTD  pathway (Figure 7H). Their values 

of the  intermediate step: the perisynaptic AMPAR is assumed to be 
 relatively small. Thus, the rate of AMPAR insertion and stabilization 
is proportional to the product of PKA and CaMKII activities.

Dephosphorylation of PSD proteins can interfere with AMPAR 
stability in the PSD, and dephosphorylation of Ser845 could prevent 
recently endocytosed AMPARs to be reinserted in the membrane. 
Multiple phosphatases can contribute to these dephosphoryla-
tion steps. Since some of the targets are in the PSD, PP1 activity is 
used as a proxy for this average protein phosphatase (PP) activity. 
Besides the role of CaMKII in LTP, it is assumed to have a divisive 
influence on LTD as well. This can be caused by its presence in 
large quantities in PSD providing competitive inhibition, or by 
rephosphorylating targets in the intermediate steps on endocytosis. 
Two models for AMPAR extrusion are used. In the first, the rate 
of AMPAR extrusion is assumed to be proportional to PP activity 
(Figures 7, 9, 10, E and F). In the second, it is proportional to PP 
activity and divided by a constant plus CaMKII long-term activity 
(Figures 7, 9, 10, G and H). The value of this constant was chosen 
to be the mean CaMKII long-term activity during a sampling of 
STDP protocols. The influence of CaMKII on LTD does not affect 
STDP for spike doublets, and plays a small role in the ability of the 
model to reproduce the STDP for spike triplets observed in cultured 
hippocampal neurons (Wang et al., 2005).

The final change in the synaptic weight is assumed to be the 
sum of LTP and LTD activities.

results
PostsynaPtIc fIrIng
The firing of the postsynaptic neuron leads to calcium currents 
through VGCCs (Figure 2A) and activation of AC (Figure 3A) and 
CaN (Figure 5A). AC leads to activation of PKA (Figure 6B). The 
ratio between CaN and PKA activities was tuned such that postsyn-
aptic firing alone produces equal CaN and PKA activation resulting 
in no PP1 activation (Figure 6D). This leads to no change in weight 
caused by the LTD mechanism (Figure 7D). Since CaMKII is not 
activated (Figure 6F), no change in synaptic weight is caused by 
the LTP mechanism (Figure 7B).

PresynaPtIc fIrIng
The firing of the presynaptic neuron alone activates to a low 
extent the NMDARs and IP3Rs. While the peak current through 
an NMDAR is small if the membrane is not depolarized, due to 
the slow dynamics of the channel the total current can not be 
neglected (Figure 2B). Given the assumption of enzyme localiza-
tions, presynaptic firing leads to transient AC, PDE (Figure 3B), 
and CaMKII (Figure 5B) activations, all to a small extent. The ratio 
of AC and PDE activity was tuned to cancel out (Figure 4B) and 
to lead to little PKA activation (Figure 6B). Without activation of 
PKA, the change in synaptic weight caused by LTP mechanisms is 
zero (Figure 7B). Presynaptic firing leads to little CaN (Figure 5B) 
activation, which, via PP1 leads to no change in synaptic weight 
caused by LTD mechanisms (Figure 7D).

long delays
If pre and postsynaptic neurons fire at intervals longer than the 
transient enzyme activations (e.g., 200 ms, Figures 2–5 C,E), due to 
the linear characteristics of long-term enzyme activations, the total 
changes will be additive and zero in this case (Figure 7).
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through IP3R has a fast rise time. This is possible considering the 
below micrometer distances second messengers need to travel 
in a spine.

In a second set of simulations the rise time for the calcium cur-
rent through IP3R is increased by a factor of 10 (Figure 8), leading 
to a time scale similar to those observed in dendrites (Nakamura 
et al., 1999). The only other parameter which was changed in the 
second model is the on rate of the PDE for calcium which was 
decreased by a factor of square root of 10 (the square root was used 

are similar, and the net synaptic weight change is small (Figure 
7H). This result is consistent with experimental observations in 
which CaMKII inactivation produces an LTD window and CaN 
inactivation produces LTP in this case (Wang et al., 2005).

Model varIatIons
Three sets of simulations were performed, which differ primarily 
in the quantitative aspects of PDE activation. In the first set of 
simulations, which was presented until now, the calcium current 
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FIgure 4 | cAMP concentrations. (A) Postsynaptic firing alone. (B) Presynaptic firing alone. (C,D) Post–pre at different time intervals. (e,F) Pre–post at different 
time intervals. (g) Post–pre–post symmetric triplet with 10 ms between each spike. (H) Pre–post–pre symmetric triplet with 10 ms between each spike.
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A third set of simulations are performed for spines which 
lack internal calcium stores. In the model, PDE needs to be acti-
vated by a source mainly determined by presynaptic firing. This 
can  theoretically be achieved by relying on a dendritic calcium 
source, however, under this condition, the shape of STDP for spike 

since the hill coefficient for the calcium-dependent activation of 
enzymes was assumed to be 2). This change maintains the desired 
null change for the weight following a presynaptic stimulus only. 
Together, these modifications qualitatively reproduce the observed 
weight changes (Figure 9 E,F), but for a simpler LTD model.
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FIgure 5 | Calcium-dependent activation of CaMKII and CaN. (A) 
Postsynaptic firing alone. (B) Presynaptic firing alone. (C,D) Post–pre at different 
time intervals. (e,F) Pre–post at different time intervals. (g) Post–pre–post 

symmetric triplet with 10 ms between each spike. (H) Pre–post–pre symmetric 
triplet with 10 ms between each spike. The activation of each enzyme is 
normalized to their respective maximal activation under saturating calcium.
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pre–post–pre triplet is potent at inducing LTP, while the symmetric 
post–pre–post  produces LTD. However, such a triplet behavior is 
consistent with those measured in L2/3 in visual cortical slices 
(Froemke and Dan, 2002).

dIscussIons
This study provides a very different paradigm of modeling bio-
chemical networks, in which affinities and kinetics of different 
enzymes come secondary to their location. This can possibly allow 
robust and diverse signaling pathways based on a small number 
of second messengers. From an evolutionary perspective this type 
of signaling shifts the complexity from fine tuning the kinetics of 

 doublets could not be obtained by this simple model. An alterna-
tive is to consider that PDE is localized in the vicinity of NMDARs. 
While the NMDAR currents are very small in the absence of a 
backpropagating action potential, this trickle of calcium is suf-
ficient to create a marker for the presynaptic firing (Figure 10). 
As in all the simulations, the on rate of PDE was tuned such that 
the presynaptic activation alone produces only minimal changes 
in synaptic weights. In these simulations, the shape of STDP 
produced by spike doublets is maintained, however qualitative 
changes are observed in the behavior of STDP caused by triplets 
(Figures 10E,F). Unlike the STDP caused by triplets observed in 
cultured hippocampal neurons (Wang et al., 2005), the symmetric 

FIgure 6 | Long-term enzyme activations. Activation of PKA (A,B), PP1 
[(C,D) which is considered as a proxy for average protein phosphatase activity in 
PSD] and calcium-independent activation of CaMKII (e,F). The first column 

corresponds to activation by pre–post doublets and the second column 
corresponds to activations caused by pre, post spiking alone, and by symmetric 
10 ms time interval spike triplets.



Frontiers in Computational Neuroscience www.frontiersin.org January 2011 | Volume 4 | Article 158 | 10

Mihalas Calcium messenger heterogeneity in STDP

-200 -100 0 100 200
0.0

0.2

0.4

0.6

0.8

1.0

pre post pre–post–pre post–pre–post

0.2

0.4

0.6

0.8

1.0

1.2

pre post pre–post–pre post–pre–post

A B

C D

∆W
 L

TD

∆W
 L

TD

∆W
 L

TP

∆W
 L

TP

∆W

E

pre post pre–post–pre post–pre–post

∆W

F

-200 -100 0 100 200
-1.0

-0.5

0.0

0.5

1.0

∆W
 In

h

0.2

0.4

0.6

0.8

1.0

pre post pre–post–pre post–pre–post

∆W
 In

h
-200 -100 0 100 200

0.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

-200 -100 0 100 200
-1.0

-0.5

0.0

0.5

1.0

-0.8

-0.6

-0.4

-0.2

0.2

0.4

G H

∆t(ms)

FIgure 7 | Changes in synaptic weights (e,F) caused by LTP (A,B) and LTD 
(C,D) pathways. (g,H) The changes in synaptic weights if the LTD pathway is 
inhibited by CaMKII. Columns as in Figure 6. The weight changes for single 
spike and spike doublets are qualitatively similar to those in cultured 
hippocampal neurons: antisymmetric STDP for spike doublets with a slightly 

longer window for depression and infinitesimal changes for pre and postsynaptic 
stimulation alone. If the LTD pathway is inhibited by CaMKII, the results for spike 
triplets are also similar to those observed in cultured hippocampal neurons: 
small changes for symmetric 10 ms pre–post–pre triplet, and strong potentiation 
for symmetric 10 ms post–pre–post triplet.

different enzymes to produce diverse behaviors, to the production 
of novel scaffolds. The sheer diversity of existing scaffolds makes 
such a mechanism at least plausible.

The model can explain the apparently opposite behaviors 
observed for spike triplets in L2/3 visual cortical slices and 
hippocampal cell cultures by keeping all the parameters of the 

model the same and simply assuming a different localization for 
PDE: In the vicinity of IP3R for hippocampal cell cultures, and 
near the mouth of the NMDAR for cortical slices. It should be 
noted that, since the on rate for all calcium-dependent enzymes 
is described in term of calcium currents, it will be strongly 
affected by the exact position of the enzyme with respect to the 
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strong calcium currents persisting only a few milliseconds, such 
a heterogeneity is observed (Keller et al., 2008; Mihalas, 2009). In 
earlier simulations (Holmes, 1990) a relatively uniform calcium 
concentration is observed at the end of the stimulation proto-
col simulating a 200-Hz tetanic stimulation. While these studies 
used different simulation methods, one key difference is in the 
stimulation protocol. In the former studies, simulating STDP, large 
calcium currents persist for 10 ms or less, while in the simula-
tion of the tetanic stimulation large calcium currents persist for 
40–100 ms. Even in the simulations of tetanic stimulation, calcium 

mouth of the channel: A higher on rate for locations closer to 
the mouth. The localization of PDE which best reproduces the 
spike triplets for the two preparations seems reasonable, since 
cell  cultures have typically stronger synapses than slices, which 
often correlates with larger spines, which are more likely to have 
a spine apparatus.

This study relies on the assumption that calcium concentra-
tions and downstream cascades have strong spatial heterogeneities 
on scales smaller than the size of a spine. In previous simula-
tions of calcium transients during STDP protocols, which involve 
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FIgure 8 | Calcium currents through NMDAr, VgCC and IP3r for the second 
set of simulations in which the IP3r has a slower rise time. (A) Postsynaptic 
firing alone. (B) Presynaptic firing alone. (C,D) Post–pre at different time intervals. 

(e,F) Pre–post at different time intervals. (g) Post–pre–post symmetric triplet with 
10 ms between each spike. (H) Pre–post–pre symmetric triplet with 10 ms between 
each spike. The NMDAR and VGCC currents are the same as those in Figure 2.
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Numerous additional gates can be added to the model. If activa-
tion of PKC by mGluR is included in the requirement for LTD, if PKC 
localized near either NMDARs or IP3Rs, the dynamic of the model is 

 concentrations in a PSD-like compartment and near the base of 
the spine are very different for the first 30–50 ms, depending on 
the spine geometry.
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FIgure 9 | Changes in synaptic weights (e,F) caused by LTP (A,B) and 
LTD (C,D) pathways for the second set of simulations, in which the IP3R 
current has a slower rise time. Columns as in Figure 6. (g,H) The changes in 
synaptic weights if the LTD pathway is inhibited by CaMKII. As in the first 

simulation set, the weight changes for single spike and spike doublets  
are similar to those observed. However, for the slower IP3R current the 
observed triplet behavior is obtained without an inhibition of the LTD 
pathway by CaMKII.
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the influence of neuromodulators (Seol et al., 2007) can be reproduced 
by the presented model, their exact effect on the STDP window might 
require additional gates or further tuning of the model’s parameters.

left practically unchanged. This is possibly supported by experimental 
observations showing that phosphorylation of Ser880 of GluR2 by 
PKC interferes with its anchoring in PSD. While qualitative aspects of 

-200 -100 0 100 200
0.0

0.2

0.4

0.6

0.8

1.0

0.2

0.4

0.6

0.8

1.0

1.2

-200 -100 0 100 200
0.0

0.2

0.4

0.6

0.8

1.0

0.5

1.0

1.5

2.0

2.5

-200 -100 0 100 200
-1.0

-0.5

0.0

0.5

1.0

-1.5

-1.0

-0.5

0.5

1.0

-200 -100 0 100 200
-1.0

-0.5

0.0

0.5

1.0

0.2

0.4

0.6

0.8

1.0

1.2

pre post pre–post–pre post–pre–post

pre post pre–post–pre post–pre–post

A B

C D

∆W
 L

TD

∆W
 L

TD

∆W
 L

TP

∆W
 L

TP

∆W

E

pre post pre–post–pre post–pre–post

∆W

F

∆W
 In

h

pre post pre–post–prepost–pre–post

∆W
 In

h

G H

∆t(ms)

FIgure 10 | Changes in synaptic weights (e,F) caused by LTP (A,B) and LTD 
(C,D) pathways for a third set of simulations, in which PDE is assumed to localize 
in the vicinity of NMDARs. Columns as in Figure 6. (g,H) The changes in synaptic 
weights if the LTD pathway is inhibited by CaMKII. The results for spike doublets 

are qualitatively similar to those obtained if PDE is assumed to localize near IP3Rs, 
however the results for spike triplets are qualitatively different. In the absence of 
inhibition of LTD by CaMKII, the 10-ms symmetric pre–post–pre triplet lead to 
potentiation, while the post–pre–post triplet leads to inhibition.
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A five state model was used for NMDAR with two independent 
glutamate binding sites with the transition rates:
Ro = 0.0465/ms opening rate
Rc = 0.0916/ms closing rate
Rd = 0.0084/ms desensitization rate
Rr = 0.0018/ms resensitization rate
Ru = 0.0047/ms unbinding rate of glutamate
Rb = 5/(mM*ms) glutamate binding rate

The opening of NMDAR under different stimulation proto-
cols is computed numerically in Mathematica, obtaining the time 
dependence of the open state: NMDAO(t).

Magnesium-dependent blocking of NMDARs:

 
B V V[ ] ( ) × [ ]( )=1/ 1+ exp 0.062− × Mg / .3 57

 
(6)

where:
[Mg] = 1.5 mM

Calcium current through NMDARs:
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(7)

where:
VF2 = RT/2F = 13.2 mV
JN is a normalization constant chosen such that the maximal cal-
cium current through NMDARs in a pre–post experiment is 1.

Calcium current though L-type VGCCs:

 

JVGCC JV
exp

t m t t
V t

V t V
m
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( ) = − × ( ) × ( ) × ( )
− ( )( )

3

1 2
h
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(8)

where the time dependence of the gates m and h is numerically 
solved from:

 
′( ) = × + − ( ) +( )( )( ) − ( )( )m t Vm t m t1 3 6 1 1 37/ . / exp

 
(9)
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(10)

JV is a normalization constant chosen such that the maximal cal-
cium current through VGCCs in a pre–post experiment is 1.

Activation of mGluRs:
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(11)

where:

τmGluRd ms= 100

τmGluR ms= 10

τmGluRr ms= 10

mGluR0 = 1.435 which corresponds to a maximal depolarization 
of 1.

aPPendIx
calcIuM entry
The time dependence of backpropagating action potentials is 
assumed to be

 

V t t H t t V
t t t t

AP1 AP e eAPd A, Pr

0 0 0

0 0

( ) = −( ) × × −










− − − −
τ τ

 

(1)

where:
H(x) represents the Heaviside step function which is 0 if x ≤ 0 and 
1 if x > 0

τAPd ms= 5

τAPr ms= 0 5.

V
AP0

 = 86.1 mV which corresponds to a maximal depolarization 
of 60 mV.

Excitatory postsynaptic potential are assumed to follow AMPAR 
dynamics
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t t t t
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− − − −
τ τ


 

(2)

where:

τEPSPd ms= 5

τEPSPr ms= 0 5.

V
EPSP0

 = 14.35 mV which corresponds to a maximal depolarization 
of 10 mV.

Membrane potential
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(3)

where:

Vrest mV= −70

Glutamate diffusion
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where:
τ

Glu
 = 1.8 ms can be obtained by considering the concentration of 

glutamate reuptake molecules to be 0.1 mM
Glu

T
 was estimated considering 3000 glutamate molecules released 

in a cleft 15 nm wide and
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(5)

where:
D = 0.3 μm2/ms is the glutamate diffusion constant
r = 0.1 μm is the average distance for release site to receptors for a 
circular PSD of 0.3 μm diameter
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For the second set of simulations, in which the calcium current 
through the IP3R is slowed by a factor of 10, the on rate for PDE 
was chosen to be 12.65/s, a decrease by a 10  from the first set of 
simulations. This choice maintains the constraint that presynaptic 
stimulation alone has only modest effects on the synaptic weight.

The third set of simulations does not include internal calcium 
stores, and PDE is assumed to be localized in the vicinity of the 
NMDAR, and the on rate of PDE for calcium is retuned. A value 
of 800/s fits the constraint that presynaptic stimulation alone has 
only modest effects on the synaptic weight, and does reproduce the 
typical shape of the STDP caused by spike doublets.

  For cAMP, the rate of basal decay k
cAMPd

 = 10/s is a critical 
parameter. If the inactivation of AC is faster, it is the primary deter-
minant of the length of LTD window in STDP. The basal cAMP 
production rate is constrained by the resting cAMP concentration 
which is assumed to be 100 nM. Adenylyl cyclase activity (kAC) is a 
scaling parameter and chosen to be100/s. PDE activity (kPDE) and 
the ratio of how well NMDARs activate AC relative to VGCCs are 
together constrained by the requirement that presynaptic stimu-
lation alone produces little synaptic weight change. The value for 
kPDE was chosen to be 100/s and r

N
 was chosen to be 1.

Prolonged enzyMe actIvatIon
The total changes in enzymes which maintain their activity for 
periods of time significantly longer than the calcium transients 
are estimated as the integral of production minus consumption 
during the transient period.

PKA activation is assumed to be proportional to the integral 
of the cAMP transient relative to its resting concentration. In all 
simulations, following any of the stimulations protocols studied, 
the change in PKA activation was positive.

 
∆ ∝PKA cAMP cAMPrt dt( ) −( )∫  

(18)

This activation (Eq. 18) can be obtained from the mass action law 
assuming linear activation on cAMP

 PKA cAMP PKAmetPKA′( ) × ( ) − × ( )t k t t= actPKA k

under the assumption that during the stimulation the instantane-
ous PKA concentration [PKA(t)] changes only little from its basal 
one (PKAr = k

actPKA
 × cAMPr/k

metPKA
). The activation constant k

actPKA
 

becomes a normalization constant, as only relative activation levels 
are discussed.

Prolonged phosphatase activity, for which PP1 is considered 
to be the main contributor, is assumed to be proportional to the 
rectified difference between total CaN and PKA activations.

 
∆ ∝

+
PP1 CaN PKAPKA( )t dt k− ×



∫ ∆

 
(19)

⋅+ represents rectification. The value of kPKA = 0.1 is an impor-
tant parameter in the model and was tuned such that postsynaptic 
neuron firing alone does not produce a change in synaptic weight. 
The equation for the prolonged phosphatase activity (Eq. 19) can 
be obtained by assuming a very high affinity of phosphorylated 

Inhibitor 1 for PP1 (which results in PP1 t t( ) ≈ ( ) PP1 Inh1T T
P−

+
),  

an initial total concentration of phosphorylated Inhibitor 1, 

To quantify the influence of the time scale of the calcium current 
through the IP3R, an second set of simulations was performed using 
τ

mGluRr
 = 99 ms (with a corresponding change in mGluR0 = 270 such 

that the maximal activation is 1) which produces a considerably 
slower calcium input.

 
mGluR mGluR1 prei( ) ,t t t= ( )∑

i  
(12)

Calcium currents through IP3-dependent channels are assumed 
to be proportional to mGluR activation.

transIent enzyMe actIvatIon
Calcium-dependent enzymes are assumed to be activated only 
by the type of calcium channel in the vicinity of which they are 
localized. They have a transient activation as the off rates of 
calcium from the lower affinity binding sites of calmodulin is 
very rapid.
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All the total enzyme concentrations are normalized. Calmodulin 
has two calcium binding sites of relatively high affinity and slow 
kinetics, and two calcium binding sites of low affinity and fast kinet-
ics. Assuming that calmodulin with two calcium bound can tem-
porarily bind to a target, thus immobilizing it, and assuming the 
requirement of calcium-loaded calmodulin for full enzyme activa-
tion, n is considered to be 2. The constants koff correspond to the 
first unbinding of calcium from the calmodulin–enzyme complex. 
It is taken to be 100/s, corresponding to typical time scale for the 
calcium ions in spines, however the value is not critical to the model 
as long as it is faster than the calcium currents through NMDA and 
IP3 channels. If saturation is not reached, the on rates are scaling 
parameters in the model, and have identical effects to higher enzyme 
activities. They are chosen to be 100/s for all enzymes except PDE, 
where an on rate of 40/s was used due to the slower calcium tran-
sients released from internal stores. The on rate for PDE is one of 
the two tuned parameters in the model. The on rates are measured 
in units of s−1, as the calcium currents are normalized.
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The change in synaptic weight caused by LTP is assumed to be 
the result of two phosphorylation events, one produced by PKA 
and the other by CaMKII.

 ∆ ∆ ∆W PKA CaMKIIpLTP ∝ ×  (21)

Two models are used for LTD. In the first, the change in weight 
caused by LTD is assumed to be the result of a dephosphorylation 
event produced by PP1.

 
∆ ∆W PPLTD ∝ 1  (22)

In the second model the dephosphorylation event produced by 
PP1 is assumed to be inhibited by CaMKII in a divisive manner. 
The value of I

CaMKIIp
 was chosen as the mean CaMKII activation 

in spike doublets STDP protocols with the samplings presented 
in Figures 6 and 7.

 

∆ ∆
∆

W PP
CaMKIIp/ILTD

CaMKIIp

∝ ×
+

1
1

1
 

(23)

In each model, both the LTP and LTD components are nor-
malized to the maximal value obtained in a spike doublet STDP 
protocol. The combined change in synaptic weight is obtained by 
summing the normalized LTP and LTD components.

Inh1T
P 0( ),  equal to the total PP1 concentration PP1

T
 (which 

results in PP1 Inh1 Inh1T
P

T
Pt t( ) ≈ ( ) − ( )( ) +

− 0 ) and a dynamic 
of Inh1T

P t( ) which leaves both the unphosphorylated Inhibitor 
1 as well as the total phosphorylated Inhibitor 1 at values 
not hugely different from the resting ones (which results in 
Inh1 Inh1 PKA CaNT

P
end T

P
PKAt t dt( ) − ( ) = × ∫ ( )0 k ∆ − ).

Calcium-independent activation of CaMKII is assumed to be 
the integral of the square of the instantaneous calcium dependent 
activity.

 
∆CaMKIIp KIIa∝∫ ( )t dt2

 
(20)

The equation for the prolonged CaMKII activation (Eq. 20) can be 
obtained from the dynamical equation

CaMKIIp KIIa CaMKIIpactKII actKIIrest metKII′( ) = × ( ) + − × (t t k k tk
2 ))

under the assumptions that two neighboring CaMKII subunits in 
a holoenzyme need to be active for the phosphorylation to hap-
pen, that the phosphorylation fraction is very low, and it does 
not change drastically from the resting value, which is stationary  
(CaMKIIp(0) = k

actKIIrest
/k

metKII
).

synaPtIc weIght changes
The changes in synaptic weight due to LTP and LTD are assumed 
to be independent and additive.


