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Ferrand, France

In this article, the basic principles of the scaling procedure are first reviewed by a

presentation of scale factors. Then, taking an idealized example of a brittle volcanic

cone intruded by a viscous magma, the way to choose appropriate analog materials

for both the brittle and ductile parts of the cone is explained by the use of model

ratios. Lines of similarity are described to show that an experiment simulates a range

of physical processes instead of a unique natural case. The pi theorem is presented as

an alternative scaling procedure and discussed through the same idealized example to

make the comparison with the model ratio procedure. The appropriateness of the use of

gelatin as analog material for simulating dyke formation is investigated. Finally, the scaling

of some particular experiments such as pyroclastic flows or volcanic explosions is briefly

presented to show the diversity of scaling procedures in volcanology.
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Introduction

From as early as the beginning of the nineteenth century, scientists have reproduced geological
deformations in the laboratory. The oldest experimental study was performed by James Hall who
recreated the folding of sedimentary strata by horizontal compression (Hall, 1815). Following Hall,
a few other important works were carried out during the nineteenth century (e.g., Daubrée, 1879;
Cadell, 1889; Willis, 1891/1892; Reyer, 1892). While the experimental approach continued in the
first part of the twentieth century (e.g., Sollas, 1906; Cloos, 1928, 1955; Bucher, 1956), it remained
rather episodic during that period.

It was in the early seventies that a revival in scaled modeling occurred through Ramberg’s work
at the Upsala experimental laboratory in Sweden. A key point in this recovery was the serious
guarantee offered by Ramberg about the scaling of experiments, as detailed in his famous book
which was first edited in 1969 (Ramberg, 1981). Following this impetus, other European universities
set up experimental laboratories, like Imperial College in London, and the Geosciences Rennes
laboratory in Rennes, which has conducted a huge amount of experimental studies on tectonic
structures. Since then, experimental studies have earned their credentials, being acknowledged as a
useful tool to understand geological processes.

The scaling of experiments is one of the main criticisms addressed by skeptics toward this
scientific approach. Barenblatt (1996) writes that in the past “the dimensional analysis was cursed
and reproached for being untrustworthy and unfounded, even mystical.” He adds that the reason
for this skepticism is that just a few people really understood the content and true abilities
of dimensional analysis. However, the general principles of scaling are quite simple and, if an
experiment is well scaled, it has a good chance of providing useful insights into the physical
evolution of the studied problem.
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Due to the surge of experimental studies in volcanology over
the last 20 years or so, it seems useful to detail the strengths
and the weaknesses of this approach. The aim of this article is to
present a kind of review and reappraisal of the scaling procedure.
A simple example is taken to illustrate the procedure in a concrete
way. A few other examples also show that the scaling procedure
may be quite different according to the different volcanic systems
studied by the experimenter.

The Goal of Scaled Models

The goal of scaled modeling is not to reproduce a specific natural
example. What the experimenter wants to understand is the
evolution through time of a physical system. The basic hypothesis
is that the model simulates the evolution of the natural prototype
in a way which is convenient to the observer, that is of short
duration and small geometric scale.

The experimenter must define the main characteristics of
the physical system he wants to investigate. Then, he must
build up an experimental device which is as simple as possible.
The set-up is merely an idealized version of the original. The
conceptualization, by definition, is far from any specific natural
case. The model is a simplification of the reality because the latter
cannot be understood in all aspects of its deep complexity.

Usually, the experimenter tries to understand the role
of a limited numbers of parameters in the evolution of
the system. These parameters are closely dependent on the
experiment itself and can be geometric, kinematic and/or
dynamic. Each experiment is carried out at least twice to verify
its reproducibility. Only one parameter must be changed for each
new experiment to establish its specific role.

However, it would be hypocritical to deny that most
experimenters have a specific natural case in mind when
preparing a set of experiments, and in some case they may try
to reproduce a specific scenario, timing and event. It is the field
data that raise the geological problems, then the hypothetical
solutions of these problems that generate ideas to make new
experiments. A good experimenter is one who searches, beyond
the specific natural case, for the universal laws that govern the
physical system.

The Basic Principles

Two articles must be considered together as milestones in
the history of experimental geology. Ampferer (1906) noted
that, as lengths are reduced in a model, all other “constants”
should also be reduced accordingly, like stiffness, flexibility
and strength. Shortly after, Koenigsberger and Morath (1913)
discussed the scale reduction in terms of the three fundamental
units: length, mass, and time. Indeed, a scaled model is
intended to be geometrically, kinematically, and dynamically
similar to nature (e.g., Hubbert, 1937; Ramberg, 1981). This
has important consequences for the building of scaled models.
Scale factors must be defined. A scale factor is the ratio between
a characteristic parameter in both the model and the original.
Knowing the value of the parameter in the original, the same

parameter must be scaled down in the model according to the
scale factor.

Themodel is said to be geometrically similar if it is a geometric
replica on a smaller scale to the natural system, which serves as
the prototype or original. This means that the ratio between the
corresponding distances in the model and the original is constant
for a given model-original pair. This allows the definition of the
length ratio (h∗) between model and original:

h∗ =
hm

hn
(1)

where the subscripts m and n refer to model and nature,
respectively.

The model is said to be kinematically similar if it remains
geometrically similar to nature during the deformation. To fulfill
this condition, a time ratio (t∗) must be defined:

t∗ =
tm

tn
(2)

The time ratio is the ratio between the time needed to complete
an intermediatemovement in themodel and the time to complete
the corresponding intermediate movement in the original. The
time ratio must remain constant during the total duration of the
experiment from start to finish.

In reality, it is impossible to define this time ratio because the
evolution of the physical process through time is unknown, so
we cannot ensure that the time ratio remains constant at each
stage of the deformation. However, by fixing the duration of
the experiments, a time ratio (t∗) can be defined if we have a
rough estimate of the time needed in nature to complete the total
deformation. In that case, the model is kinematically similar only
if it is also dynamically similar to nature.

A model is said to be dynamically similar to nature if the ratio
between mechanical forces in the model and in the prototype,
compared kind for kind, is constant:

F∗ =
Fmg

Fng
=

Fmi

Fni
=

Fmµ

Fnµ
=

Fmf

Fnf
= etc (3)

where the subscripts g, i, µ, and f refer to gravity, inertia, viscous,
and frictional force, respectively. Of course, forces in the model
and in the prototype must also have the same direction. Equation
(3) has an important implication. It means that the mass ratio
(m∗) must be constant for corresponding volume throughout the
model and original. Indeed, the ratio of body forces, for example
inertia or gravity, cannot be constant if the ratio ofmass is not. So,
after h∗ and t∗, a third important ratio is defined which ensures
the mechanical similarity of the model:

m∗ =
mm

mn
(4)

Accordingly, the three model ratios, which allow a model to be
well scaled, are length, time and mass ratios. Length [L], time
[T], and mass [M] are three basic concepts in mechanics. All
other concepts such as force [MLT−2], velocity [LT−3], viscosity
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[ML−1T−1], density [ML−3], stress [ML−1T−2], etc., are defined
from these three fundamental dimensions. Likewise, all model
ratios related to mechanical concepts and useful in the scaling
procedure can be defined from model ratios of length (h∗), time
(t∗), and mass (m∗).

The Use of Scale Factors

These basic principles are enough to scale a model. Once the
size of the model is chosen, a length ratio (h∗) can be defined.
Knowing the density of the rocks in the prototype, the density of
the analog material allows the definition of a density ratio (d∗).
Finally, a stress ratio (σ∗) may be defined from gravity stresses
exerted in the model and the original:

σ∗ = ρ∗g∗h∗ (5)

where g∗ is the ratio between the gravitational acceleration in
the model and the original. g∗ = 1 if no centrifuge is used
for the experiment. The density of natural and analog materials
varies only by a small amount. It follows that Equation (5) may
simplify to σ∗ ≈ h∗, which explains whymany authors scale down
quantities with a dimension of stress by the same factor as the
linear dimensions (e.g., Hubbert, 1945; Davy and Cobbold, 1988;
Brun, 1999).

Brittle Materials
The deformation of brittle materials is rate-independent,
meaning that the same deformation in the model is achieved
whatever the strain rate. Brittle materials are characterized by two
constants: the cohesive shear strength, or cohesion (τ0), and the
angle of internal friction (φ).

The cohesion has the dimension of a stress, so the cohesion
(τ0m) of the brittle analog material must be scaled down by the
same factor as the gravity stress.

τ ∗0 = σ ∗ hence τ0m = σ ∗τ0n (6)

The angle of internal friction is a dimensionless number. It
must be identical (or close) in both the analog material and the
volcano:

φm = φn (7)

Ductile Materials
The scaling of ductile material is more challenging. The
deformation of ductile material is rate-dependent and the strain
rate strongly influences the whole deformation. We need to
determine the viscosity of the analog material. The strain rate
ratio (e∗) is related to time and viscosity by the following
relations:

e∗ =
1

t∗
and e∗ =

σ ∗

µ∗ (8)

As σ∗ = ρ∗g∗h∗, the viscosity ratio (µ∗) is:

µ∗ = ρ∗g∗h∗t∗ (9)

Hubbert has shown that this equation is the basic one to scale
models where gravity is the only significant force at work in
the model (Hubbert, 1937). This ensures both dynamic and
geometric similarity in experiments. If we have a reasonable
knowledge of the duration of the deformation in nature, and
given the fact that the duration of an experiment is often fixed to
a few hours for practical convenience, the viscosity in the model
is calculated from the viscosity in nature. The last point is the
most tricky. Estimates of viscosity in a specific natural case may
vary by one or two (or more) orders of magnitude, depending
on the authors. So, the value of the natural viscosity (µn) chosen
to scale the model is a bit speculative. This uncertainty means
that a scaled model can only simulate a general physical process
rather than a specific field example. We return to this point
later.

The velocity [LT−1] being the ratio between length and time,
the velocity ratio for any displacement in the model is simply:

v∗ =
h∗

t∗
(10)

Of course, the direction of corresponding velocity vectors in the
model and the prototype must be the same.

The Choice of Analog Materials

To illustrate the method of scale ratio, we take the example of
a simple volcanic cone vertically intruded by magma (Figure 1).
The aim of the experiment could be the study of the cone
deformation during the ascent of the magma (e.g., Donnadieu
and Merle, 1998).

Starting from scratch, it is convenient to use Equation (5).
Unless a centrifuge is used, experiments are conducted in the
Earth’s gravity field (g∗ = 1). The analog materials used in
this type of experiment are granular materials. The density of
granular materials is generally half that of rocks so that the
density ratio ρ∗ is close to 0.5 (e.g., Schellart, 2000). The height
of the model is about 10 cm, which is a convenient height for
the observer. Then the length ratio (h∗) is about 10−4 if we
plan to study a thousand meter high volcano (1 cm in the model
represents 100m in nature). In such a case, σ∗ = 5 × 10−5. This

FIGURE 1 | Idealized example of ductile magma intruding a brittle

cone. τ0, φ, ρc are the cohesion, the angle of internal friction and the density

of the brittle cone, respectively. µ and ρm are the viscosity and the density of

the magma, respectively. t is the time span for deformation.
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means that the model needs to be 20,000 times weaker than the
original.

Brittle Material
The cohesion (τ0m) of the analog material can be determined
from Equation (6). The difficulty is to assess the cohesion (τ0n)
of a volcanic cone. The cohesion of intact rock is about 107 Pa
(e.g., Handin, 1966; Jaeger and Cook, 1971). However, the rocks
in a volcanic cone are very often intensely fractured and/or deeply
altered by hydrothermal activity. The bulk cohesion is potentially
lowered by one or two orders of magnitude with respect to intact
rocks (e.g., Hoshino et al., 1972; Hoek and Bray, 1981; Schultz,
1996).

Consequently, the cohesion of the analog material can vary
from 500 Pa with τ0n = 107 Pa to 5 Pa with τ0n = 105 Pa.
This gives a lot of freedom in the choice of analog materials:
we can decide to simulate the deformation of a “strong” or
a “weak” volcano. There are many granular materials with a
low cohesion like plaster, microbeads, flour, sand, etc. Many of
them like sand, crystalline silica powder, sugar, corundum, pyrex,
siliceous and glass microspheres, have been extensively studied
and their mechanical properties including the cohesion and the
angle of friction have been measured using shear apparatus
(e.g., Krantz, 1991; Cobbold and Castro, 1999; Schellart, 2000;
Lohrmann et al., 2003; Mourgues and Cobbold, 2003; Galland
et al., 2006; Panien et al., 2006). A practical method to calculate
the cohesion of any appropriate dry powder is given in the
Appendix A.

The angle of internal friction of natural rocks is about 30–
40◦ (e.g., Byerlee, 1978). According to Equation (7), the analog
material must exhibit a similar angle of friction. Note that the
angle of repose (α) (i.e., the angle between the surface slope of
the cone and the horizontal, Figure 1) of any granular material is
considered to be equal to the angle of internal friction (Coulomb,
1776, p. 361; Absi, 1993, p. 94), making it easy to measure when
building the cone.

Ductile Material
For practical convenience, the duration of experiments is fixed to
a few hours. If geological data give a reasonable approximation of
the average duration of the natural process, the time ratio (t∗) can
be approximated first.

The main difficulty is to determine the viscosity value of the
magma in nature. The viscosity of the original may vary greatly
from 102/103 Pa s at 1200◦C (basaltic magma) to 1011–1012 Pa s
at 900◦C (acid magma) and even 1015 Pa s for a magma with a
high crystal content (e.g., Shaw, 1972; Eichelberger and Hayes,
1982; Murase et al., 1985; Nicolas and Ildefonse, 1996). Clearly,
data on magma viscosity in nature are not precise enough to
allow the experimenter to simulate a specific natural case. Once
again, we model a physical process which operates within a wide
range of viscosity varying over several orders of magnitude. This
is especially true since viscosity is temperature-dependent, and
therefore time-dependent, increasing with time as the magma
temperature decreases. The impact on the model evolution due
to this uncertainty is difficult to evaluate. The same problem is
encountered in numerical simulation.

Whatever this uncertainty on the rock viscosity in nature, the
appropriate viscosity needed in the model may be determined
from Equation (9):

µm = µn ρ∗g∗h∗t∗ (11)

We can illustrate the order of magnitude of the viscosity (µm)
using Figure 1. If g∗ = 1 (Earth’s gravity field), t∗ = 3.5 × 10−3

(for instance a 2 month process in nature simulated in 5 h in the
lab), ρ∗ = 0.5, h∗ = 10−4 (see above) and µn = 1011 Pa s (silicic
magma), then the viscosity in the model should be 1.7× 105 Pa s
to properly simulate the physical process under consideration.

The velocity (vn) of the magma ascent in nature is related to
the duration of the deformation, so vn may be calculated from
tn. Considering a vertical displacement of one thousand meters
in 2 months, vn is about 2× 10−4 m/s. This slow velocity is in
good agreement with a highly viscous magma (µn = 1011 Pas).
The velocity in the model may be calculated from Equation (10):

vm = vn
h∗

t∗
(12)

This yields a velocity of 2 cm/h in the model. If the analog magma
starts from the base of a cone 10 cm in height, the experiment
duration will be about 5 h. This is a practical duration for an
experiment. In the lab, the desired velocity for the vertical ascent
of the magma analog may be imposed by a computer-controlled
motor.

It is interesting to note that more than one ductile material
can be used in a single experiment, for instance a low-viscosity
layer at the base of the analog volcano and an intruding magma
(e.g., Le Corvec and Walter, 2009). Once the time ratio (t∗),
the length ratio (h∗) and the density ratio (ρ∗) have been fixed,
it follows from Equation (11) that the viscosity ratio (µ∗ =
µm/µn) is a constant. This means that the viscosity ratio for
sediments (µ∗

sd
) and the viscosity ratio for magma (µ∗

mg) must be
the same. Scaling these two ductile materials necessitates finding
two different analog materials which fulfill the following relation
µ∗ = µm(sd)/µn(sd) = µm(mg)/µn(mg). As it is a difficult task to
find such materials, the same analog material is sometimes used
for modeling both the weak layer and the magma, and results
are considered qualitatively (e.g., Merle and Vendeville, 1995; Le
Corvec and Walter, 2009).

Types of Experiments
The scaling procedure that we have examined so far can
be applied successfully to volcanic processes using granular
materials to reproduce the brittle deformation and viscous fluids
(silicone, vegetable oil, honey, golden syrup, etc.) to reproduce
the ductile deformation (e.g., Weijermars, 1986).

This mainly concerns experiments like the ascent of the
magma within an edifice (our idealized example, e.g., Donnadieu
and Merle, 1998), the formation of calderas (e.g., Komuro, 1987;
Marti et al., 1994; Odonne et al., 1999; Acocella et al., 2000;
Roche et al., 2000; Walter and Troll, 2001; Troll et al., 2002;
Holohan et al., 2005; Geyer et al., 2006), volcano core-collapse
and hydrothermal calderas (e.g., Van Wyk de Vries et al., 2000;
Merle and Lénat, 2003; Cecchi et al., 2005;Merle et al., 2006, 2010;
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Barde-Cabusson and Merle, 2007), lava flows (e.g., Merle, 1998;
Lescinsky and Merle, 2005), volcanic spreading (e.g., Merle and
Borgia, 1996; Walter, 2003; Oehler et al., 2005; Walter et al., 2006;
Delcamp et al., 2008; Platz et al., 2011; Byrne et al., 2013; Kervyn
et al., 2014), volcanic domes (e.g., Buisson and Merle, 2002,
2005; Galland, 2012), resurgent domes (e.g., Acocella et al., 2001;
Galland et al., 2009; Marotta and de Vita, 2014; Brothelande and
Merle, 2015), magmatic intrusions (e.g., Merle and Vendeville,
1995; Roman-Bierdel et al., 1995; Galland et al., 2009; Galerne
et al., 2011), interaction between regional tectonics and volcano
deformation (e.g., Tibaldi, 1995; van Wyk de Vries and Merle,
1996, 1998; Lagmay et al., 2000; Branquet and van Wyk de Vries,
2001; Merle et al., 2001; Galland et al., 2003, 2007; Girard and
van Wyk de Vries, 2005; Norini and Lagmay, 2005; Tibaldi et al.,
2006; Holohan et al., 2008; Tibaldi, 2008; Norini and Acocella,
2011; Le Corvec et al., 2014), dyke, sill and laccolith formation
(e.g., Galland et al., 2006; Mathieu et al., 2008; Abdelmalak et al.,
2012), etc.

The Use of a Centrifuge

The use of a centrifuge does not change the basic principles of
scaling. The difference is that the gravity acceleration is not the
same in nature and in the model, so g∗ 6= 1. The acceleration of
the centrifuge may be about 103 or 104 g (Ramberg, 1971, 1981;
Dixon and Summers, 1985) resulting in a gravity ratio g∗ = 103

or 104. The stress ratio (σ∗) is modified. Taking again the example
in Figure 1, the stress ratio is increased by three or four orders of
magnitude (σ∗ = 5× 10−2 or 5× 10−1 instead of 5× 10−5).

For a brittle material, the cohesion (τ0m) of the analogmaterial
is calculated from Equation (6). Accordingly, the cohesion of the
brittle material in the example in Figure 1 must be increased by
three or four orders of magnitude, which gives τ0m = 5× 105 or
5× 106 Pa if τ0n = 107 Pa and τ0m = 5× 103 or 5× 104 Pa if τ0n
= 105 Pa. In other words, the material in the experiment must
be 1000 or 10,000 times stronger than that for non-centrifuged
models.

The advantage of the centrifuge is that it can perform very fast
experiments. An experiment can last as little as 15min (≈ 103 s).
The time ratio (t∗) is modified. In the example in Figure 1, where
the deformation in nature lasts 2 months, t∗ = 2× 10−4 and the
viscosity of the analog material (µm) calculated from Equation
(11) must be 106 Pa s with g∗ = 103 or 107 Pa s with g∗ = 104.
Despite the reduction of tm, an increase g in the experiments
necessitates using an analog material with a higher viscosity than
in non-centrifuged experiments.

Lines of Similarity

Brittle Experiments
Experiments using only brittle materials are rate-independent.
The two parameters which must be scaled are the cohesion and
the angle of internal friction. Combining Equations (5) and (6),
we obtain:

τ0n =
τ0m

ρ∗g∗hm
hn (13)

In other words, once model parameters are fixed, the cohesion
(τ0m) and the length (hm) in nature are related by a relation of
the type:

τ0n = a hn (14)

where a is a constant. Considering a purely brittle experiment
where τ0m = 50 Pa and hm = 10−1 m, with g∗ = 1 and
ρ∗ = 0.5, then a = 103 and Equation (14) yields τ0n = 103 hn.
A graph may explain this relationship (Figure 2). It defines a line
of similarity, which reveals that a single experiment simulates
a range of natural cases that go from big volcanoes (2000m
high) with a relatively strong cohesion (106 Pa) to small volcanoes
(100 vm high) with a low cohesion (105 Pa). This result is a clear
illustration that experiments do not simulate a specific natural
case, but a wider physical process for which Figure 2 gives the
application field.

Ductile Experiments
Experiments using ductile materials are rate-dependent. This
means that time and viscosity are interrelated in nature. If the
experiment in Figure 1 had been scaled as shown in the previous
section, the experimenter would expect to study the slow ascent
of a highly viscous magma within a brittle cone. In reality, the
experimenter simulates a wider range of natural conditions.

Rearranging Equation (9), we obtain:

µn =
µm

ρ∗g∗h∗tm
tn (15)

As soon as the duration (tm) and the height of the model are
fixed (generally for practical convenience) and the choice of the
analog material has been decided on from the scaling procedure,

FIGURE 2 | The line of similarity shows the range of cohesion (τ0n) and

height (hn) in nature simulated by an experiment with a cone 0.1m high

(hm). Both horizontal and vertical axes have log scales.
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tm, µm, ρ
∗, and h∗ are constants in Equation (15). Considering

experiments conducted in the Earth’s gravity field (g∗ = 1),
Equation (15) is in the form:

µn = b tn (16)

where b is a constant. At first sight, this is quite surprising
as it reveals that the slow ascent of a highly viscous magma
in a volcanic cone is not the only case investigated by the
experimenter. As a matter of fact, Equation (16) works for a wide
range of pairs of natural times and natural viscosities. These are
plotted in Figure 3. Equation (16) allows a line of similarity to
be drawn between nature and the model, which provides values
for the time of the deformation and the viscosity of the magma
in nature. The graph reveals that a single experiment models
dynamic systems that range from slow deformation with a high-
viscosity magma to very slow deformation with a very high-
viscosity magma. As the height of the volcanoes (hm) cannot vary
very much in nature, the length ratio h∗ is not very sensitive in
this type of experiment but allows other lines of similarity to be
defined (Figure 3).

Thinking that a model reproduces a specific field example,
for which the viscosity and duration are known, would limit
the applicability of the model, especially as these natural values
are rather speculative. Again, the goal of the experiments is
to understand a geological process, regardless of whether it
happens by the rapid injection of low-viscosity magma or the
slow injection of high-viscosity magma. However, this graph also
shows the limitation of the model. The viscosity of the analog
material (µm ≈ 104 Pas) does not allow the study of the vertical

FIGURE 3 | The two lines of similarity for hn = 1000m and hn = 2000m

show the range of natural viscosities versus natural times simulated

by an experiment lasting 5h (t = 18.000 s) with a cone 0.1m high (hm).

Both horizontal and vertical axes have log scales. The constant b = 19,444

and 38,888 for hn = 1000 and 2000m, respectively (µm = 1.75 104 Pa s,

ρ* = 0.5). Explanation in the text.

ascent of a low-viscosity magma (<109 Pa s, Figure 3) within
a brittle cone. To do so, another analog material with a lower
viscosity is needed (e.g., Galland et al., 2006; Mathieu et al., 2008).

Likewise, Equation (15) can be rewritten to show the relation
between the natural viscosity (µn) and the vertical velocity (vn)
of the magma:

µn =
[

µmvm

ρ∗g∗h∗2

]

1

vn
= c

1

vn
(17)

where c is a constant. A graph similar to that of Figure 3 can
be drawn showing the natural velocity as a function of viscosity
in nature. In the same way, this reveals that a single experiment
investigates a wide range of natural possibilities. Taking the case
of the intrusion of magma into a sedimentary series (Merle
and Vendeville, 1995), one single experiment models a range
of physical processes from the rapid motion (109m/h) of a low
viscosity magma (104 Pas) to the slow motion (10−6 m/h) of
a very viscous magma (1016 Pas) (see Figure 3 in Merle and
Vendeville, 1995)

Equation (15) allows us to go even further. Indeed, the
length ratio (h∗) is never really fixed. For an experiment where
all experimental parameters are established (hm, tm, µm, τ0m,
ρm,etc.), the length ratio (h∗) may vary according to the size of
the geological structure that the experimenter wants to study. In
other words, Equation (15) may be written:

µn = b1tn;µn = b2tn ;µn = b3tn . . . ..µn = bxtn (18)

where b1, b2, b3, . . . bx are related to different h∗1 , h
∗
2 , . . . h

∗
x . This

means that the same experiment can simulate various geological
processes whose evolution is supposed to be identical.

To illustrate this point, we use an example from experiments
studying the internal strain within gravity nappes resulting from
the simultaneous combination of spreading and gliding (Merle,
1982; Brun and Merle, 1985). Such gravity nappes are located
in the upper part of the crust in mountain chains. The scaling
of these experiments is based on Equation (9) [Equation (1) in
Brun and Merle (1985)]. The thickness of the nappe in nature is
considered to be about 10 km. The duration of the deformation in
nature and the viscosity of sedimentary rocks are about 107 years
(ten millions years) and 1019 Pa s, respectively. In the model,
tm = 1 day, µm = 104 Pas, hm = 2 cm, ρm = 1200 kg/m3.
The length ratio (h∗) is 2 × 10−6. Using Equation (9), these
experiments are perfectly scaled to simulate the internal strain
of a large gravity nappe.

In these gravity nappe experiments, Equation (18) is µn =
0.11 106 tn, which allows a line of similarity to be drawn
(Figure 4, insert). Surprisingly, the same experiments also
simulate the internal strain within lava flows. If we consider lava
flows of 20 (20m) and 2m (2m) thick, then h∗ = 10−3 and
h∗ = 10−2, respectively. Equation (18) becomes µn = 231.5 tn
and µn = 23.15 tn, respectively. Figure 4 shows the two lines
of similarity calculated from these two other length ratios. This
reveals that the experiments of Merle (1982), initially devoted to
the study of large gravity nappes (µn = 1019 Pas and tn = 107

years), also model the internal strain within some lava flows, as
defined by Figure 4.
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The pi Theorem

Following Bertrand (1878),Waschi (1892) established the basis of
the dimensional analysis in a well-known theorem. If a physical
process involves n variables, or parameters a, there must be some
kind of functional relationship between these variables, which
can be written in implicit form as:

f1 (a1, a2, a3, . . . an) = 0 (19)

The actual form of this function may not be known but it
describes the physics of the phenomenon. If p variables of these n
variables are expressed in a fundamental unit (L, M, T, I, θ, N, J)
then Equation (19) reduces to a simpler one in (n-p) variables:

f2
(

x1, x2, x3, . . . , xn−p

)

= 0 (20)

where x1, x2, x3,. . . xn−p are monomial functions of a1, a2, . . . an.
In 1914, Buckingham extended this theorem, stating that there

is an equivalent relation in terms of non-dimensional numbers.
According to Buckingham (1914), if n variables of a physical
process are expressed in p fundamental units, it is possible to re-
arrange the n variables to form (n-p) independent dimensional
numbers that describe the physics of the phenomenon. If
the prototype is described by an equation similar to (19),
having n variables expressed by p fundamental units, there
is an equivalent relation to Equation (20) in terms of (n-p)
independent dimensionless number π:

f3
(

π1, π2, π3, . . . , πn−p

)

= 0 (21)

FIGURE 4 | The two lines of similarity show that experiments on thick

(hn = 10km) spreading nappes (Merle, 1982) (the line of similarity of

this experiment is shown in the insert) also simulate the strain within

thin lava flows (hn = 20m and hn = 2m). Both horizontal and vertical axes

have log scales. Explanation in the text.

It is important to note that each dimensionless number must be
independent and cannot be expressed as a product of another
one. In relation to Buckingham’s statement, Middleton and
Wilcock (1994) write that “it is not obvious that this is true
but it can be proved, though it is a curiosity of the history of
dimensional analysis that many published “proofs” of this have
subsequently been shown to be incomplete or invalid.”

The Waschi-Buckingham theorem, or simply the pi theorem,
can be used to scale experiments. In Earth sciences, Tibaldi (1995)
and Merle and Borgia (1996) were the first to scale experiments
using it. The principle is to establish a list of dimensional
numbers that describe the physical process. The experiment is
said to be well scaled if each dimensional number in nature (πn)
and model (πm) is of the same order of magnitude (πn≈ πm).

In practical terms, the experimenter has to: (1) Make a list of
the n variables that are involved in the studied process; (2) Write
the dimensions of these variables; (3) Determine the number p
of fundamental units in which the n variables of the problem
are expressed; and (4) Construct the (n-p) dimensional numbers
used to describe the physics of the phenomenon. Unfortunately,
the pi theorem does not guarantee that there is only one set of
(n-p) dimensional numbers, so that various choices are possible
when we reduce a list of dimensional variables to a set of
dimensionless numbers. The challenge is then to determine the
appropriate (n-p) dimensionless numbers.

Let us consider the n variables of the example (Figure 1) that
are listed in Table 1 with their dimensions. The 10 variables
(n = 10) are linked by a functional relation of that kind written
in implicit form:

f1
(

h,w, d,φ, τ0, ρc, ρm, µ, g, t
)

= 0 (22)

This function is not known. As in any purely mechanical
problem, the 10 variables n are expressed through only three
fundamental units (p = 3), which are length [L], mass [M], and
time [T] (Table 1). So, we need seven dimensionless numbers
(n−p = 7), which can be formed from the re-arrangement of the
10 variables, to scale this experiment. Then, instead of Equation
(22), we can write a functional relation between 7 dimensionless
numbers:

TABLE 1 | The 10 principal parameters of the idealized example (Figure 1)

are expressed in three dimensions only, which are length [L], mass [M],

and time [T].

Parameters Dimensions

H L

D L

W L

8 -

τ0 ML−1T−2

ρc ML−3

ρm ML−3

µ ML−1T−1

T T

G LT−2
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f2 (π1, π2, π3, π4, π5, π6, π7) = 0 (23)

The first two dimensionless numbers may be the geometric ratio
of the system:

π1 =
h

d
and π2 =

w

d
(24)

These two dimensional numbers ensure that the model is
geometrically similar to nature. Concerning the scaling of brittle
material, the first parameter to be scaled is the angle of internal
friction φ, which by definition is a dimensionless number. So, the
third dimensional number is:

π3 = φ (25)

Due to the variety of shape of terrestrial volcanoes, π1 is
not critical. For granular materials, the angle of repose (α) is
considered as being equal to the angle of internal friction (φm),
so that φm = α = atan [2 h/d]. This shows that, for granular
materials, π3is not an independent dimensionless number as
it can be expressed as a function of π1 (π3 = atan [2π1]).
Moreover, once φm is close to 30/40◦, this ensures a model slope
of about 30/40◦, similar to many volcanoes in nature, making π1

unnecessary.
The angle of internal friction (φ) controls the angle (θ)

between the principal stress σ1 and the fault, as described by the
formulae θ = π/4 – φ/2. According to Byerlee’s law (Byerlee,
1978), most of the rocks in the upper part of the crust have φn

≈ 40◦ (τ = 0.85 σN). The analog granular materials used in this
type of experiment generally have φm ≈ 35◦ (e.g., Merle et al.,
2001; Holohan et al., 2008). Taking φn = 40◦ and φm = 35◦, we
obtain θn = 25◦ and θm = 27.5◦, which is roughly the same. This
shows that π3, together with π1, is not a dimensionless number
which deserves much consideration either.

The cohesion (τ0) is the second parameter of the brittle
material that has to be scaled. This can be done from Equation
(6). The fourth dimensionless number is the ratio between the
gravity stress and the cohesion:

π4 =
ρcgh

τ0
(26)

This dimensionless number is a very important one in these
types of experiments as it allows the cohesion to be scaled. Due
to its high value in nature (105 to 107 Pa), cohesion has to be
scaled down by several orders of magnitude in models. Small-
scale experiments would not be feasible if analog materials with
very low cohesions did not exist.

This ratio is nameless. Hubbert (1945) used a similar
dimensionless number (i.e., the ratio between rock strength
(σs) and gravity (ρgh), π = σs/ρgh) to demonstrate that very
weak materials must be used in models to simulate geological
structures. In recognition of Hubbert’s considerable work on the
theory of scale modeling in geology, I propose to call the ratio
between gravity and cohesion the Hubbert number.

The fifth dimensionless number is the ratio between the
density of the brittle cone and the density of the ductile magma:

π5 =
ρc

ρm
(27)

The magma ascent may result from either buoyancy or
overpressure, so this ratio is either higher or lower than 1.
However, nomatter which case is under consideration (buoyancy
or overpressure), the density contrast in nature is low, so the
π5 number is close to 1. Given the characteristics of analog
materials at our disposal, this condition is always fulfilled in
models. Consequently, this dimensionless number is not critical
and does not deserve consideration.

The dependence between time and viscosity must be scaled. In
the same way that Equation (6) allowed the determination of the
fourth dimensionless number, the sixth dimensionless number
may be formed by rearranging Equation (11):

π6 =
ρmght

µ
(28)

This dimensionless number is the ratio between gravity and
viscous forces (Fg/Fv). It has been proposed to call it the Ramberg
number (Pollard and Fletcher, 2005). Together with the Hubbert
number π4, this is a very important dimensionless number,
which allows the viscosity in models to be scaled down.

In nature, there is a mechanical coupling between the
brittle cone and the ductile magma. A dimensional number
must verify that the resistance of the brittle cone with
respect to the resistance of the ductile magma is the same
in nature and in the model. This brittle/ductile coupling
may be estimated by the ratio between the failure force
in the brittle part and the viscous force in the ductile
part.

The failure force per unit area is given by the Navier-Coulomb
criterion of brittle failure τ = τ0 + σ tanφ, where τ and σ are
the shear and normal stresses acting at failure along the plane of
rupture. Following reasonable approximations, the shear force τ

per unit areamay be expressed as a function of the principal stress
σ1, which gives τ = 0.5 σ1tanφ (see Appendix B). Considering
the experiment in Figure 1, the main principal stress σ1 may
be considered as being due to volcano loading (ρcgh) plus the
viscous force (µ/t) of the ascending magma. Thus, the ratio
between the failure force and the viscous force is:

π7 = 0.5 tanφ

[

ρcght

µ
+ 1

]

(29)

As ρc≈ ρm, the π7 dimensionless number may be expressed as a
product of the π6 Ramberg number:

π7 = 0.5 tanφ (π6 + 1) (30)

or

π6 =
[

2π7

tanφ

]

− 1 (31)

According to the pi theorem, there is one dimensionless number
too many. Using one renders the other unnecessary.

It might be important to ensure that inertia forces are
negligible in the model, as in nature. This can be checked with
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the Reynolds number (Re), which is the ratio between inertia and
viscous force (Fi/Fv).

π8 =
h2ρ

µt
(32)

It is not necessary for the Reynolds number to be of the same
order of magnitude in the model and nature. It merely needs to
be very low in both cases. In the example in Figure 1,π8 in nature
and the model is about 5.4 10−9 and 7.7 10−8, respectively. The
Reynolds number displays such small values that inertial forces
are negligible with respect to viscous force. This is always true in
this type of experiment, because the experiments last for too long
a time span. In other words, calculating the Reynolds number to
scale in such experiments is not necessary.

We have seen that only three dimensionless numbers (π2, π4,
andπ6) really need to be considered when scaling the experiment
in Figure 1. Also, it must be noted that gm = gn (no centrifuge),
so that g is a constant which has no influence when natural
and model values of π4and π6 are compared. The gravitational
acceleration g can thus be removed from these dimensionless
numbers. Likewise, as ρcm ≈ ρcn and ρmm ≈ ρmn, the density
values have little influence on the dimensional numbers. So,
eliminating these two variables, we can write:

π ′
4 =

h

τ0
(33)

and:

π ′
6 =

ht

µ
(34)

Note that π′
4 and π′

6are not dimensionless. In the end, the
physical process has only 6 variables (w, d, h, τ0,µ, t) that have
to be taken into consideration and we only need three (n-p = 3)
numbers (π2, π

′
4, π

′
6) to scale this experiment.

This example shows that choosing variables that play a role
in the system is far from easy. Likewise, the significance of
dimensional numbersmust be discussed to determine which ones
are really important. A proper application of the pi theorem to
scale an experiment requires such a discussion. As mentioned
before, more than (n-p) dimensional numbers may be formed
from a set of variables. From Equation (22), eight have been
proposed instead of seven, and others could have been discussed
as well, like, for instance, the Froude, the Argand (England
and McKenzie, 1982) or the Smolukowski (Ramberg, 1981)
dimensionless numbers. The use of the pi theorem in scaling is
a bit empirical, to say the least.

One thing is clear nevertheless. In experiments with brittle
and ductile materials, the Hubbert and Ramberg numbers are
the two fundamental dimensionless numbers which must be
taken into consideration. Together with one or two geometric
dimensionless numbers, they are enough to scale these types of
experiments (Table 2).

The Use of Gelatin

Experimental studies on dyke formations need to intrude a
fluid into a material, which fractures under the fluid pressure.

TABLE 2 | The Hubbert and the Ramberg dimensionless numbers (plus

one geometric ratio) are enough to scale the example in Figure 1.

Dimensionless numbers

Hubbert number ρgh
τ0

Ramberg number ρght
µ

Geometric ratio h
d

Although granular materials can be used (see references in the
sectionTypes of experiments), gelatin is the classic analogmaterial
for this type of experiment (e.g., Hubbert and Willis, 1957;
Hyndman and Alt, 1987; Takada, 1990; Heimpfel and Olson,
1994; Menand and Tait, 2002; Walter and Troll, 2003; Acocella
and Tibaldi, 2005; Canon-Tapia and Merle, 2006; Menand et al.,
2010). The rheology of gelatin is complex and it is doubtful
that it can be considered as an analog for a volcanic edifice or
the uppermost few hundred meters of the crust. This is because
gelatin fails in tension, but not in shear, and is not appropriate for
simulating faults within the crust (e.g., Galland et al., 2006).

Gelatin is a brittle visco-elastic solid but, on the time scale
of the experiment, it behaves as a perfect elastic solid before
failure. If we look at the elastic part of the gelatin’s deformation,
it is defined by a relation between normal stress (σ) and normal
strain (e):

σ = Ee (35)

The proportionality coefficient E is the Young’s modulus. As the
Young’s modulus has the dimension of a stress, it should be scaled
down in models by a factor given by the stress ratio. The Young’s
modulus for gelatin is in the range of 103-104 Pa (e.g., Menand
and Tait, 2002). In the example in Figure 1, σ∗ = 5×10−5. As the
Young’s modulus of rocks is about 1010 or 1011 Pa (e.g., Turcotte
and Schubert, 1982), this yields a Young’s modulus for the analog
materials of about 5 × 105 or 5 × 106. The Young’s modulus of
the ideal analogmaterial differs by at least one order ofmagnitude
from that of the gelatin.

Looking at the rupture, the cohesion (τ0m) of the gelatin is
about 103 Pa (Acocella and Tibaldi, 2005). Likewise the cohesion
in the model must be scaled down by the same stress factor.
Taking τ0n = 107 Pa, the cohesion in the model should be about
0.5 103 Pa, which is close to the cohesion of the gelatin. However,
gelatin cannot simulate lower natural cohesions (106 Pa or
105 Pa). As it is rare that volcanoes are constituted of, unaltered,
non-fractured, intact rocks, gelatin is a good analog only for some
strong upper parts of the crust.

To overcome these difficulties, a more sophisticated approach
has been put forward (e.g., Taisne and Tait, 2009; Kavanagh et al.,
2013). The dyke propagation must be examined on a smaller
length scale. The true length scale is the buoyancy length Lb,
which is the length over which magma buoyancy driving ascent
balances resistance from the fracture. This buoyancy length Lb is
a function of the ratio between the fracture toughness (Kc) (i.e.,
the ability of a material containing a crack to resist fracture) and
the buoyancy pressure gradient (1ρg) (see Equation 2 in Taisne
and Tait, 2009). This allows the definition of the buoyancy length
ratio:
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L∗b =
[

K∗
c

1ρ∗g∗

]
2
3

(36)

If air is injected into gelatin, natural and experimental data make
it possible to calculate the length ratio L∗

b
, which is about 10−4

(Kavanagh et al., 2013). This is the same as in the example in
Figure 1. The Young’s modulus ratio E∗ may be calculated from
the buoyancy length ratio L∗

b
(Kavanagh et al., 2013):

E∗ = 1ρ∗L∗b

[

Lb

9

]∗
(37)

where 9 is the thickness of the dyke head at the opening of
the dyke. E∗ varies from 10−6 –10−5. With a Young’s modulus
for rocks of about 1010–1011 Pa (e.g., Turcotte and Schubert,
1982), the appropriate analog material should exhibit a Young’s
modulus in the range of 104–106 Pa. Again, these values are a bit
too high when compared with the average values of the Young’s
modulus for the gelatin, which are estimated to be in the range of
103–104 Pa (see Figure 2 in Menand and Tait, 2002).

However, the interest of this approach is to define a
characteristic length scale for dyke formation which has nothing
to do with the depth at which the deformation takes place. This
specificity is not apparent in our idealized example (Figure 1) as
this characteristic length scale is close to the length ratio of the
example (L∗

b
≈ h∗). If we consider a dyke forming at a depth

of 20 km, this approach yields the same result for the Young’s
modulus needed in the experiments (i.e., 104–106 Pa).

Despite this difficulty in achieving perfect scaling using
gelatin, experiments give interesting results on dyke propagation
in nature. These discrepancies in the scaling have been noticed by
several authors but they are probably minor in comparison with
qualitative results from these experiments.

Pyroclastic Flows

Experiments on pyroclastic flows have to be examined separately
because the physics mainly involves fluid dynamics and presents
specific problems. Let us take the example of a dense, fluidized
mixture of gas and particles, which may be the basal avalanche of
a larger pyroclastic flow. The volume fraction of the particles is
an important parameter making this flow a highly concentrated
one, or non-turbulent if one refers to the terminology used for
single-phase fluids. Due to the fluidization process, the flow
may travel very far at an extremely rapid velocity. Clearly, the
fluidization results from interstitial pore fluid pressure which
counterbalances interparticle friction during motion.

Following Roche (2012) and considering a biphasic flow (gas
and particles), the diameter (d) and the density (ρs) of the particle
are two important parameters in the flow regime. The density
(ρf) and dynamic viscosity (µ) of the interstitial fluid has to
be considered, as well as the hydraulic permeability (k) and the
diffusion coefficient (D) of the granular mixture, which also play
an important role in controlling pore pressure generation and
diffusion processes. Of course, the flow is also characterized by
its thickness (h), length (L), and velocity (Uf). The gravitational
acceleration (g) is the last parameter to take into consideration.

In addition, there are two non-dimensional parameters: the
particle volume fraction (εs) and the slope (α) along which the
flow occurs. These two last parameters are chosen in the model
to be equal to that in nature so they do not require further
consideration. According to the pi theorem, and taking into
consideration the 10 parameters (d,ρs,ρf,µ,k,D,h,L,Uf,g) minus
three fundamental dimensions (length, mass, and time), seven
dimensionless parameters should be enough to scale the model.

The useful dimensionless numbers in such experiments have
been discussed in detail by Iverson (1997). Again, choosing
the appropriate numbers is not easy. Roche (2012) uses seven
dimensional numbers, which are the mass number (Ma), the
Froude number (Fr), the Bagnold number (Ba), the Darcy
number (Da), the Savage number (Sa) (Savage, 1984), the
fluidization number (Fl), and the pore pressure number (Pr)
(Iverson and Denlinger, 2001).

It is beyond the scope of this paper to define the role of
all these dimensional numbers (see Iverson, 1997 for further
details). The mass number reveals that air instead of water must
be used as the fluid in experiments. High pore fluid pressure (high
Darcy number and low Bagnold number) ensures an inviscid
flow, which is supercritical, as confirmed by a Froude number
higher than 1. At the end of the flow, when pore pressure
becomes negligible, the low Savage number indicates that the
flow propagates in a dry granular frictional regime (i.e., non-
collisional). However, the high pore pressure number in models
shows that pressure diffusion is faster than in the prototype,
making the experimental flow run-out distance shorter than
in nature. Thus, the thickness-to-length ratio of the deposit is
not the same in nature and experiments. Despite this small
discrepancy, the scaling is good enough to givemany insights into
the dynamics of pyroclastic flows (Roche, 2012). Again, the goal
of modeling is not to duplicate a natural example but to explore
the physical processes that take place during the flow.

Turbulent, dilute flows may also be studied experimentally.
The scaling is achieved through several dimensionless numbers
which are typically used in fluid dynamics, such as the
Richardson, Froude, Stokes, and Reynolds numbers. These make
it possible to ensure dynamic similarity between experiments and
natural dilute density currents. An example of the discussion
about these dimensional numbers may be found in Andrews and
Manga (2012), which use talc powder turbulently suspended in
air to simulate turbulent pyroclastic flows density currents.

Volcanic Explosions

To show the variety of volcanic systems that can be studied by
scale modeling, the final example is of volcanic explosions. These
could be triggered by phreatomagmatic eruptions, which form
wide craters relative to their heights, resulting from excavation
and collapse of surrounding rocks.

The problem is best tackled by the relation between the
explosion energy (E) and both the crater diameter (d) and the
explosion depth (h). It has been shown that the energy (E) is
proportional to the third power of (d) and (h), which merely
reveals that E is proportional to the volume [L3] of material
disrupted. A simple general relation between energy (E) and
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crater diameter (d) has been calculated (Sato and Taniguchi,
1997):

E = 4.45× 106 d3 (38)

Such a relationship is deduced from numerous artificial
explosions, and is supposed to be applicable to natural
phreatomagmatic craters. Scaled diameters (Sd) and scaled
depths (Sh) can be defined from their relationships to energy. For
instance, scaled diameter (Sd) is in the form:

Sd =
d

E
(

1
3

) (39)

Plotting the scaled depth versus the scaled diameter indicates that
the main factor governing the crater diameter is the explosion
depth (Goto et al., 2001). It also shows that, as the explosion
depth (h) increases from zero to hmax, the diameter first enlarges
then decreases for the deepest explosions (Goto et al., 2001). For a
given crater diameter, this yields two solutions for the explosion
depth, making the explosion depth difficult to assess in natural
phreatomagmatic explosions from the simple measurement of
diameter crater. However, small craters due to deep explosions
are improbable in nature because this would require too much
energy with respect to the strength of the host rocks.

To ensure good scaling, models must first fulfill the following
condition: the diameter of the experimental crater versus the
energy of the explosive charge must plot along (or nearly so) the
line defined by Equation (38). This is probably not enough as this
does not guarantee a ratio d/h similar to volcanic eruptions.

As noted by Goto et al. (2001), the rock strength is an
important factor controlling the disruption of the host rock.
Using the Hubbert number (Equation 26), it may be possible
to determine the cohesion τ0m which would be appropriate for
scaled experiments. The length ratio d∗ can vary from 10−3

to 10−2 in such experiments (see examples of natural and
experimental data in Ross et al., 2013). The cohesion of the
host rocks can vary from 107 Pa (i.e., strong granite) to 105 Pa
(i.e., deeply altered and fractured volcanic rocks). This yields a
range of cohesions τ0m for analog materials which varies from 0.5

105 Pa (dn = 1.5 × 102m, dm = 1.5m, ρ∗ = 0.5, τ0n = 107 Pa)
to 0.5 × 102 Pa (dn = 1.5 × 103m, dm = 1.5m, ρ∗ = 0.5,
τ0n = 105 Pa).

Experiments using sand, pea gravel and crushed asphalt, such
as those described in Valentine et al. (2012) and Ross et al.
(2013), appear to be better scaled for large natural explosive
craters (1500m) with altered host rocks (τ0 = 105 Pa) than for
small explosive craters (150m) with resistant host rocks (τ0 =
107 Pa). It should be said, however, that analog materials in these
experiments are moistened, which increases the cohesion τ0m to
undetermined values.

Conclusion

Scale modeling has proved to be a useful tool in volcanology.
A wide variety of volcanic systems have been studied over the
last 20 years providing valuable insights into the understanding

of these systems. The scaling procedure follows relatively simple
rules that can be applied by anyone. Analog materials such
as granular materials for brittle deformation or different kinds
of silicone and oil for ductile deformation are easily available
on the market. They are generally cheap and easy to handle.
The experimental devices to set up in the laboratory are not
expensive (if no centrifuge is involved) and can be done by the
experimenter himself. For this reason, the cost/results ratio of
this approach is excellent. If the experimenter is aware of the
limitations of the method, scale modeling is “cheap and good”
science.
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Appendix A

The cohesion of the analog material may be calculated from
the highest vertical wall which remains stable without failure.
As known from civil engineering studies (e.g., Philipponat and
Hubert, 1997), the upper part of the vertical wall is in tension,
whereas the lower part is in compression (Figure A1). Increasing
H leads to failure which occurs at H/2, a singular point where
the least stress axis σ3 is nullified. From the Mohr–Coulomb
theory, it is known that the two principal stress axes σ1 (=ρgh)
and σ3 are linked by the following equation when failure
occurs:

σ1 = a+ bσ3 (A1)

Where

a = 2τ0
√
b (A2)

and

b =
1+ sinφ

1− sinφ
(A3)

with τ0 and φ the cohesion and the angle of friction of the
material, respectively [see Equations (7–9) in (Hubbert and
Rubey, 1959)].

FIGURE A1 | The σ3 distribution as a function of H along a vertical wall

(after Philipponat and Hubert, 1997).

At the point H/2 where σ3 is nullified, Equation (A1) simplifies
to:

σ1 = 2τ0
√
b (A4)

from which τ0 can be extracted (Merle et al., 2001):

τ0 = 0.25ρgH

√

1− sinφ

1+ sinφ
(A5)

Appendix B

The failure force per unit area is given by the Navier-Coulomb
criterion of brittle failure:

τ = τ0 + σN tanφ (A6)

where τ and σN are the shear and normal stresses acting at failure
along the plane of rupture.

The relation between σN and the main principal stresses σ1
and σ3 is given by the classical formula of the Mohr circle (see
Equation (6) in Price, 1966):

σN =
σ1 + σ3

2
−

σ1 − σ3

2
cos 2θ (A7)

where θ is the angle between the rupture plane and σ1. The
angle θ is close to 30◦ for most rocks, making cos 2θ = 0.5.
In a volcanic edifice where rocks are altered and fractured, the
cohesion τ 0(10

6/105 Pa) is one or two orders of magnitude less
than for intact rocks (107 Pa). Compared to the principal stresses
σ1 and σ3 needed to fracture the rocks (2.8×107 Pa in an edifice of
1000m high), the cohesion can be considered as being negligible.
From Equations (A1–A3), it follows (φ = 30◦):

σ3 =
1

3
σ1 (A8)

Then, solving equation (A7) for σ1, yields:

σN = 0.5σ1 (A9)

and, from Equation (A6), the failure force per unit area is:

τ = 0.5σ1 tanφ (A10)
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